
Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 70, Number 2, Pages 1073–1084 (2021)
DOI:10.31801/cfsuasmas.699831
ISSN 1303-5991 E-ISSN 2618-6470

https://communications.science.ankara.edu.tr

Research Article; Received: March 03, 2020; Accepted: July 8, 2021

THE EFFECT OF SEMI PERFORATED DUCT ON RING

SOURCED ACOUSTIC DIFFRACTION
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Abstract. An analytical solution is obtained for the diffraction problem. In
an infinite cylindrical duct, the sound waves are emanating by a ring source.

The duct is rigid for z < l and perforated for z > l. The mixed boundary

value problem is defined by a Wiener Hopf equation, by using the Fourier
transform technique. Then the numerical solution is obtained. The influence

of the parameters of the problem on the diffraction phenomenon is displayed

graphically. The present study can be used as a model for different appli-
cations. Reducing noise in exhaust systems, ventilation systems are some of

these applications.

1. Introduction

Radiation or diffraction of sound waves is an essential problem which has been
extensively studied in the literature so far. The duct and pipe structures are com-
monly used in many industrial devices to control the unwanted and harmful noise,
such as exhaust systems, ventilation systems, aircraft jet and modern turbofan en-
gines. For this reason, it is essential to investigate more accurate mathematical
models for such engineering problems.

The radiation of sound waves from a semi-infinite rigid duct was first discussed
by [1]. In their study, by using the Wiener-Hopf technique, the solution was ob-
tained analytically [2]. Covering the pipe/duct walls with an absorbing lining is
an efficient method that has proven beneficial in noise reduction [3–5]. Another
method of reducing unwanted sound is to provide additional sound absorption by
using perforated structures. The phenomenon of perforated structures has been
investigated by various authors [6–10]. This idea is essential because perforated
structures provide some possibilities for investigating of sound diffraction.
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The goal of the present study is to consider the diffraction of sound waves em-
anating from a ring source by an infinite circular cylindrical duct. Duct walls are
assumed to be infinitely thin and rigid for z < l, perforated for z > l. The ring
source is located out of the duct and can be moved along the duct axis, but never
go beyond the duct exit. This problem is a generalization of a previous work by
the author [11] who considered the similar geometry in the case where the numer-
ical results is absent. This geometry can be considered as a model of an acoustic
waveguide for noise reduction. Due to the ring source, the total field have angu-
lar symmetry which makes the problem simpler than the asymmetric case. This
mixed boundary value problem is investigated rigorously through the Wiener-Hopf
technique. By applying the Fourier transform, we obtain a Wiener-Hopf equation.
After application of usual decomposition and factorisation procedures the solution
of the Wiener-Hopf equation is obtained. Then, numerical solution is obtained ap-
proximately for various values of the parameters such as the radii of the duct and
ring source, frequency, perforated part, etc. The effect of values of the parameters
on the diffraction phenomenon is presented graphically.

Validation of graphical results is obtained with unperforated (open) case. When
the perforated part is absent, the present study is compared with the study of [12]
and the results are found to be in good agreement.

2. Analysis

2.1. Formulation of the Problem. We consider the diffraction of sound waves
by an infinite cylindrical duct. Infinitely thin duct walls are assumed. The duct
is {r = a, z ∈ R} illuminated by a ring source located at {r = b > a, z = −c, c > 0}
(see Fig. 1). The part z < l of the inner cylinder is hard walled while the part
z > l is perforated. From the installation of the problem, the ring source and the
geometry is symmetrical. Therefore, the total field will be independent of azimuth
ϕ everywhere in coordinate system (r, ϕ, z). The velocity potential ψ will be used
to obtain acoustic pressure p and velocity v via p = −ρ0(∂/∂t)ψ and −→v = gradψ,
where ρ0 is the density of the undisturbed medium.

Figure 1. Geometry of the current problem.
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For analytical convenience, it is suitable to write the total field as follows

ψT (r, z) =

 ψ1 (r, z) ;
ψ2 (r, z) ;
ψ3 (r, z) ;

r > b
a < r < b
r < a

(1)

Time dependence is assumed to be e−iωt and suppressed throughout this work
where ω = 2πf is the angular frequency and f is the frequency.

2.2. Derivation of the Wiener-Hopf System. The unknown fields ψ1 (r, z) , ψ2 (r, z)
and ψ3 (r, z) satisfy the wave equation for z ∈ (−∞,∞)[

1

r

∂

∂r

(
r
∂

∂r

)
+

∂2

∂z2
+ k2

]
ψj(r, z) = 0, j = 1, 2, 3 (2)

with wave number k = ω/c0 where c0 is the speed of the sound. By taking Fourier
transform of these three equations we obtain the following integral representations

ψ1 (r, z) =
k

2π

∫
L

A (α)H
(1)
0 (λkr) e−iαkzdα (3)

ψ2 (r, z) =
k

2π

∫
L

[B (α) J0 (λkr) + C (α)Y0 (λkr)] e
−iαkzdα (4)

ψ3 (r, z) =
k

2π

∫
L

D (α) J0 (λkr) e
−iαkzdα (5)

where L is a suitable inverse Fourier transform integration contour in the complex
α-plane [13]. J0 and Y0 are the Bessel and Neumann functions of order zero,

respectively. H
(1)
0 = J0 + iY0 is the Hankel function of the first type. λ =

√
1− α2

is square root function. The unknown coefficients A (α) , B (α) , C (α) and D (α) ,
which are introduced in the solution of potential function, are to be determined by
applying the following boundary conditions and continuity relations at r = a and
r = b.

∂

∂r
ψ2 (a, z) = 0, z < l (6)

∂

∂r
ψ3 (a, z) = 0, z < l (7)

∂

∂r
ψ2 (a, z) =

∂

∂r
ψ3 (a, z) , z > l (8)

ψ2(a, z) = ψ3(a, z) + i
ζp
k

∂

∂r
ψ3 (a, z) , z > l (9)

ζp which is given by [14], is the nondimensional specific acoustic impedance, de-
scribing the acoustic properties of the perforated cylinder.

ζp = [0.006− ik (tw + 0.75dh)] /σ (10)
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where σ is the porosity, dh is the perforate hole diameter and tw is the screen
thickness. By using the ring source definition, given as

∂

∂r
ψ1 (b, z)−

∂

∂r
ψ2 (b, z) = δ (z + c) , −∞ < z <∞ (11)

ψ1(b, z) = ψ2(b, z), −∞ < z <∞ (12)

where δ is dirac delta function. Applying the boundary conditions on r = a for
equations (6), (7) and (8) and taking Fourier transforms gives

[D (α)−B (α)] J1 (λka) = C (α)Y1 (λka) (13)

similarly for equation (7)

−D (α)λkJ1 (λka) = eiαklΦ+ (α) (14)

continuity of pressure at r = a for (9) yields

[B (α)−D (α)] J0 (λka) + C (α)Y0 (λka) = eiαklΦ− (α) + i
ζp
k
eiαklΦ+ (α) (15)

where Φ+ (α) and Φ− (α) are a function analytic at the upper (Imα > 0 or Imα =
0 and Reα > 0) and lower (Imα < 0 or Imα = 0 and Reα < 0) half plane
respectively and defined as

Φ+ (α) =

∞∫
l

∂

∂r
ψ3 (a, z) e

iαk(z−l)dz (16)

Φ− (α) =

l∫
−∞

[ψ2(a, z)− ψ3 (a, z)] e
iαk(z−l)dz (17)

The spectral coefficient D (α) can be found easily from (14) while A (α), B (α) and
C (α) are related to each other by the definition of the ring source given in (11,12).
By using the boundary conditions on r = b, one obtains

λkA (α)H
(1)
1 (λkb) = λkB (α) J1 (λkb) + λkC (α)Y1 (λkb)− e−iαkc (18)

A (α)H
(1)
0 (λkb) = B (α) J0 (λkb) + C (α)Y0 (λkb) (19)

where H
(1)
1 = J1 + iY1. From (18) and (19), we get

B (α) = A (α) + e−iαkcπb

2
Y0 (λkb) (20)

C (α) = iA (α)− e−iαkcπb

2
J0 (λkb) (21)
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(13) and (14) allows us to express the coefficients A (α) and D (α) in terms of the
analytic function Φ+ (u)

A (α) = − eiαklΦ+(α)

λkH
(1)
1 (λka)

+
πb

2

e−iαkc

H
(1)
1 (λka)

[J0 (λkb)Y1 (λka)− Y0 (λkb) J1 (λka)]

(22)

D (α) = −e
iαklΦ+(α)

λkJ1 (λka)
(23)

The substitution of B (α) , C (α) and D (α) given by (20), (21), (23) into (15) yields

Φ+(α)M (α) = Φ− (α) +
b

a
e−iαk(c+l) H

(1)
0 (λkb)

λkH
(1)
1 (λka)

(24)

where M (α) is kernel function to be factorized

M (α) =
J0 (λka)

λkJ1 (λka)
− H

(1)
0 (λka)

λkH
(1)
1 (λka)

− i
ζp
k

(25)

2.3. Solution of the Wiener-Hopf Equation. Consider the Wiener-Hopf equa-
tion in (24) and rearrange it using (25) in the following form

Φ+(α)M+ (α) = Φ− (α)M− (α) +
b

a
e−iαk(c+l)M− (α)

H
(1)
0 (λkb)

λkH
(1)
1 (λka)

(26)

Here,M− (α) andM+ (α) are analytic functions in the lower and upper half planes,
respectively, From the Wiener-Hopf factorization of M (α) as [15], one gets

M (α) =
M+ (α)

M− (α)
(27)

Now consider (26), by using the classical decomposition procedure for complex
term, one gets

Φ+(α)M+ (α) = Φ− (α)M− (α) + I+ (α) + I− (α) (28)

Decomposing I (α) we obtain split functions I+ (α) and I− (α) which are regular
in the upper and lower half planes, respectively [16].

I (α) =
b

a
e−iαk(c+l)M− (α)

H
(1)
0 (λkb)

λkH
(1)
1 (λka)

= I+ (α) + I− (α) (29)

The Wiener-Hopf equation in (28), yields

Φ+(α)M+ (α)− I+ (α) = Φ− (α)M− (α) + I− (α) (30)

Now both sides of (30) are analytical functions on upper and lower regions, one can
obtains the Wiener-Hopf solution

Φ+(α) = I+ (α) /M+ (α) (31)
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and

Φ−(α) = −I− (α) /M− (α) (32)

3. Far Field

The total field in r > b can be evaluated from (3)

ψ1 (r, z) =
k

2π

∫
L

A (α)H
(1)
0 (λkr) e−iαkzdα (33)

We may write the total field as follows

ψ1 (r, z) = ψd (r, z) + ψi (r, z) + ψr (r, z) (34)

where

ψd (r, z) = − k

2π

∫
L

Φ+(α)

λkH
(1)
1 (λka)

H
(1)
0 (λkr) e−iαk(z−l)dα (35)

ψi (r, z) + ψr (r, z) =
kb

4

∫
L

J0 (λkb)Y1 (λka)− Y0 (λkb) J1 (λka)

H
(1)
1 (λka)

×H
(1)
0 (λkr) e−iαk(z+c)dα (36)

Replacing H
(1)
0 (λkr) by its asymptotic expressions valid for kr ≫ 1.

H
(1)
0 (λkr) ∼

√
2

πλkr
ei(λkr−π/4) (37)

and applying the saddle point technique [17], we get

ψ1 (r, z) = ψd (R1, θ1) + ψi (R2, θ2) + ψr (R2, θ2) (38)

where

ψd (R1, θ1) =
i

π

Φ+(− cos θ1)

sin θ1H
(1)
1 (ka sin θ1)

eikR1

kR1
(39)

ψi (R2, θ2) + ψr (R2, θ2)

=
kb

2i

J0 (kb sin θ2)Y1 (ka sin θ2)− Y0 (kb sin θ2) J1 (ka sin θ2)

H
(1)
1 (ka sin θ1)

eikR2

kR2
(40)

Here R1, θ1 and R2, θ2 are the spherical coordinates

r = R1 sin θ1, z − l = R1 cos θ1 (41)

and

r = R2 sin θ2, z + c = R2 cos θ2 (42)
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4. Numerical Results

In order to show the effects of the parameters like the radii of the duct and the
ring source and the perforated part on the diffracted field, some results displaying
a changing of the sound pressure level with different values are presented in this
section. Figures are plotted for Sound Pressure Level (SPL), described by

SPL = 20 log10

∣∣∣ p

2 · 10−5

∣∣∣
Far field values are plotted 46 m from the duct edge. Parameter values of the
perforated part are taken from the study of [14].

First, variations of sound pressure level for different values of radius (a) are
presented in Figure 2 for f = 1500 Hz, b = 0.075 m, l = 0.010 m, c = 0.050 m,
tw = 0.00081 m, dh = 0.0249 m, σ = 0.057. In the graph, it is seen that as the value
of (a) decreases, the sound pressure level decreases. In Figure 3, similar analysis is
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Figure 2. SPL versus the observation angle for different values
of the duct radius (a) with f = 1500 Hz, b = 0.075 m, l = 0.010
m, c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057.

also carried for different values of ring source radius (b) for f = 1500 Hz, a = 0.010
m, l = 0.010 m, c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057. Sound
pressure level decreases with decreasing value of ring source radius like in Figure 2.

Figures 4 and 5 display the same effect to the sound pressure level for different
values of l and c. For Figure 4, the parameter values are f = 1500 Hz, a = 0.010
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Figure 3. SPL versus the observation angle for different values of
the ring source radius (b) with f = 1500 Hz, a = 0.010 m, l = 0.010
m, c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057.

m, b = 0.0510 m, c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057 while
for Figure 5 the parameter values are f = 1500 Hz, a = 0.010 m, b = 0.050 m,
l = 0.010 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057. Sound pressure level
decreases with increasing values of l and c, as expected.

From Figure 6, one can see the effect of the frequency on the sound pressure
level. This graph is plotted for a = 0.010 m, b = 0.025 m, l = 0.010 m, c = 0.050
m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057. The similar effect is observed like
in Figure 2.

In Figure 7, the effect of specific acoustic impedance (ζp) on sound pressure level
is first studied for three different acoustic impedances and compared to open case.
This graph is plotted for non dimensional parameters which values are ka = 1,
kb = 10, kl = 10, kc = 6. It is seen that existing of perforated part makes
contribution to the reduction of sound pressure level and when imaginary coefficient
of acoustic impedance decreases the pressure level decreases. It should be noted
that, due to Equation (10), the real part of ζp remains constant and the imaginary
part changes for different values of frequency.

In order to show the accuracy of the numerical results obtained in this study, ζp is
taken zero and the results are compared with the study of [12] for semi-infinite rigid
duct. Figure 8 shows that the results are consistent, that is, the results obtained
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Figure 4. SPL versus the observation angle for different values of
the duct extension (l) with f = 1500 Hz, a = 0.010 m, b = 0.0510
m, c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057.
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Figure 5. SPL versus the observation angle for different values of
the ring source axes (c) with f = 1500 Hz, a = 0.010 m, b = 0.050
m, l = 0.010 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057.
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Figure 6. SPL versus the observation angle for different values
of the frequency (f) with a = 0.010 m, b = 0.025 m, l = 0.010 m,
c = 0.050 m, tw = 0.00081 m, dh = 0.0249 m, σ = 0.057.
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Figure 7. SPL versus the observation angle for open perforated
duct with ka = 1, kb = 10, kl = 10, kc = 6.
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Figure 8. Comparison of the diffracted field with the study of [12]
for semi infinite rigid duct.

in this study are correct. Notice that for Figure 8, the diffracted field graphic is
produced for 20 log10|ψd (R1, θ1)|.

5. Conclusion

In this study, diffraction of sound waves emanating from a ring source by an
infinite cylindrical duct which is rigid for z < l and perforated for z > l has
been investigated by using the Fourier transform technique in conjunction with the
Wiener Hopf technique. The problem is modelled two dimensional due to sym-
metry of the geometry and of the ring source. A solution is derived by solving
the Wiener Hopf equation. To a better understanding the effect of the parameters
of the problem such as the radii of the duct and ring source and perforated part
on the sound pressure level, graphics are presented for some specific values of the
problem. It has been observed that the sound pressure level decreases as the values
of the frequency (f), the duct radius (a) and the ring source radius (b) decreases.
On the contrary, it is observed that the sound pressure level increases as the values
of the duct extension (l) and the ring source axes (c) decreases. The effect of the
perforated duct on the sound pressure level is more effective. While a few decibels
change in sound pressure level is observed for other parameters of the problem, the
variation from the perforated duct is more significant. It is found that presence of
the perforated part reduced the sound pressure level when compared with the open
part situation. The results are also compared with the study of [12] (ζp = 0) and
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it is observed that the agreement is perfect.
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