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Abstract 

This paper proposes a test statistic for ordered alternatives based on the Wilcoxon signed rank 

statistic. One of the classical tests, Jonckheere-Terpstra’s J test, and the R test suggested by Chen 

et al. were used for type I error rate and power comparisons. For data generated from the normal 

distribution, all of the tests gave type I error rates close to nominal alpha. When the data were 

generated from chi-square distribution, the proposed G test and J test for type I error gave better 

results than the R test, but the error rates of the J test for Student’s t distribution are better than 

those of the others. Power results of simulation study for normal distributions showed that the 

proposed G test was superior to all other considered tests. The G and J tests for the data generated 

from Student’s t distributions performed well. When the data were generated from chi-square 

distributions, the proposed G test is more powerful than the others. The simulation showed that 

the R test was inferior to the other tests for all cases.  
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1. INTRODUCTION 

 

Let 1 2, ,...,
ii i inX X X , 1,...,i k  be random independent samples with size in  from k populations with 

continuous cumulative distribution function ( ) (( ) / )i i iF x F x    , where i    and 0i   are 

location and scale parameters, respectively. The null hypothesis to identify whether the populations have 

common continuous cumulative distribution function can be expressed as 

 

0 1 2: ( ) ( ) ( )kH F x F x F x x    .                  (1) 

 

A number of test statistics have been proposed to test the null hypothesis in equation 1 under certain 

assumptions and for different forms of H1. To test the null hypothesis, 0 1: kH    , against H1: At 

least one of the means is different, F statistic with 1k   and n k  degrees of freedom is used under 

distribution normality and variance homogeneity. In above degree of freedom, n is sum of the sample sizes. 

Kruskal and Wallis [1] and Bhapkar [2] proposed some test statistics to test the null hypothesis  in equation 

1 against  1 :H  At least one of the distribution functions ( )iF x  is different under distributions non-normality. 

Without variance homogeneity, Bishop [3], Bishop and Dudewicz [4, 5], Chen and Chen [6], Chen [7], 

Gamage et al. [8], Lee and Ahn [9], Rice and Gaines [10], Weerahandi [11], Xu and Wang [12] proposed 

different test statistics to test H0 against H1. 

 

The ordered alternative states that the distributions are stochastically ordered, i.e.,  

 

1 1 2 1: ( ) ( ) ... ( ) : ( ) ( )k kH F x F x F x x F x F x     .                (2) 

 

Under H1, iX  tends to be smaller than 1iX  , 1,2,..., 1i k  , since 1( ) ( )i iF x F x  implies that 

1( ) 1/ 2i iP X X   . For the special case of the location model, Equation 2 is equivalent to  
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1 1 2 1: ... ( )k kH                                        (3) 

 

[13]. Similarly, the ordered alternative hypothesis 

 

1 1 2 1: ( ) ( ) ... ( ) : ( ) ( )k kH F x F x F x x F x F x                     (4) 

 

states that iX  tends to be larger than 1iX  , 1,2,..., 1i k  , since 1( ) ( )i iF x F x  implies that 

1( ) 1/ 2i iP X X    under H1 given in equation 4. For the location model, equation 4 is equivalent to 

 

1 1 2 1: ... ( )k kH         .                               (5) 

 

To test H0 against the ordered alternative hypothesis, Terpstra [14] and Jonckheere [15] independently 

proposed the same test. Subsequently, Bartholomew [16], Chacko [17], Puri [18], Odeh [19], Archambault 

et al. [20], Hettmansperger and Norton [21], Beier and Buning [22], Neuhauser et al. [23], Chen et al. [24], 

Shan et al. [25] and Gaur [26] studied the same subject. 

 

This paper proposed a new test statistic. We compare its performance with the R and J tests for type I error 

rate and power. Section 2 describes Jonckheere-Terpstra’s J test (J test), one of the classical tests, and the 

R test suggested by Chen et al. [24] using both to test the null hypothesis against the ordered alternative 

hypothesis. Section 3 proposes a test statistic called G test based upon the Wilcoxon signed rank statistic. 

Section 4 provides simulation results for type I error rate and power comparisons obtained for G, J, and R 

tests. As application, the data given by Jonckheere [15] are analyzed in section 5.  Finally, section 6 

concludes the paper. 

 

2. CHANG’S R AND JONCKHEERE-TERPSTRA’S J TESTS 

 

The R statistic suggested by Chen et al. [24] is based upon single stage sampling. Let 1 2, ,...,
ii i inX X X ,

1,2,...,i k , be independent samples from k populations with mean i  and variance 2

i , size 3in  , 

without variance homogeneity. Let   02 in n   for each sample.  So, the sample mean and sample variance 

for ith sample with 0n  observation can be expressed as 

 
0

10

1
n

i ij

j

X X
n 

   and 
0

2 2

10

1
( )

1

n

i ij i

j

S X X
n 

 

 ,                 (6) 

 

respectively. Let  

 
22 2

1 2

1 2

* max , ,..., k

k

SS S
z

n n n

 
  

 
,                   (7) 

 

and calculate the weights for observations in the ith sample as 

 

20

0

1 1
( * / 1)i

i i i

i i

n n
u n z S

n n n


                     (8) 

 

and  

 

20

0

1 1
( * / 1)i i i

i i i

n
v n z S

n n n n
  


.                  (9) 



720 Hamza GAMGAM, Bulent ALTUNKAYNAK / GU J Sci, 32(2): 718-735 (2019) 

 

 

Then the final weighted sample mean using all observations is  
0

01 1

n n

i i ij i ij

j j n

X u X v X
  

   , 1,2,...,i k ,               (10) 

 

where 
iX  has conditional normal distribution and the transformations 

*

i i
i

X
t

z


 , 1,2,...,i k                  (11) 

 

have i.i.d Student’s t distributions with 0 1n    degrees of freedom.  

 

Chen et al. [24] proposed a test statistic based on one stage sampling to test the equality of means against 

1 1 2: ... kH       with at least one strict inequality. Assume 

 

1
1

1
max

*

r
i

r k
i

X
U

r z 


   and 
1

1
min

1 *

k
i

r k
i r

X
V

k r z 



 

 ,              (12) 

 

where 1,...,r k . Then the R test statistic can be expressed as 

 

R U V                     (13) 

 

to test 0H  against the ordered alternative. Under 0H , the null distribution of R is  

 

1 1
1

1 1
max max

1

r k

i i
r k r k

i i r

Q t t
r k r   

 

 
 

  .                (14) 

 

From the distribution of Q , when , ,( )k vP Q q   , if , ,h k vR q , then H0 is rejected; where hR  represents 

the value calculated from the sample, and , ,k vq  is the critical value. Chen et al. [24] calculated , ,k vq  for 

various combinations of v  and k , using Monte Carlo simulation. Therefore, this paper also calculates 

critical , ,k vq  values using Monte Carlo simulation. 

 

Let 1 2, ,...,
ii i inX X X be independent samples with size in  from k populations and continuous cumulative 

distribution function ( )iF x , 1,2,...,i k . For samples i  and i, the Mann-Whitney U statistic is defined as  

 

1 1

i in n

ii ii

i i

U D


 

 

 ,                  (15) 

 

where Terpstra [14] and Jonckheere [15] proposed same test statistic based on the sum of Mann-Whitney 

statistics to test H0 against the ordered alternative 
 

1, 1,2,...,

0, 1,2,...,

i i

i i

i n in i

ii

i n in i

X X i n
D

X X i n





 





 
 

 

                            (16) 

 

[27, p.140]. Terpstra [14] and Jonckheere [15] proposed the same test statistic based on the sum of 

independent Mann-Whitney statistics to test H0 against the ordered alternative as 
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1

1 1

k k

ij

i j i

J U


  

 .                               (17) 

 

Then, if  

 

hJ J ,                   (18) 

 

where Jh is the value calculated from the sample and J
  is the critical value for J, the H0 against ordered 

alternative is rejected.  

 

When 3k  , 1 2 3, , 2,3,...,8n n n  , critical values derived from the exact J distributions can be found in 

existing tables [28, p.455-458]. However, the tables were very limited with respect to population and 

sample sizes, and were extended somewhat by Bucchianico [29] and Wiel [30]. Therefore, we employ the 

approach suggested by Wiel [30] in Section 4 to calculate critical values for J. 

 

3. PROPOSED TEST STATISTIC 

 

Let the i th and ( )i i th samples be combined and ranked where 1,..., 1i k   and ' 1,...,i k i  . For the 

( )i i th sample, let the ranks of observations be represented by ( )j i iR  , where ( )1,..., i ij n  , and define 

 
( )

( )

1

( )

i in

j i i

j

t

i i

R

R
n












, 1,...,t c ,                (19) 

 

where tR  is the mean of ranks for the ( )i i th sample, and ( 1) / 2c k k  . Algorithm 3.1 shows the 

process to obtain tR .  

 

Algorithm 3.1: For a given k and 1 2, ,...,
ii i inX X X , starting with initial value 1t  .  

For 1i   to 1k    

 For 1i   to k i   

  The i th and ( )i i th samples are combined and ranked 

  Compute tR  from equation 19 

  1t t    

(end i  loop) 

(end i loop) 

 

Let the random variable lD  be 

 

l t tD R R   , 1,...,l d ; 1,..., 1t c  ; 1,...,t t c   ,                          (20) 

 

where ( 1) / 2d c c  . If 1H  from equation 2 is true, then i i   , and the expectation of tR  is less than or 

equal to the expectation of tR   for each 1,..., 1t c  ; 1,...,t t c   . Similarly, when 1H  from equation 4 is 

true, the expectation of tR  is greater than or equal to the expectation of tR   for each 1,..., 1t c  ; 

1,...,t t c   . Accordingly, for 1H  from equation 2, the random variable lZ can be defined as  

1, 0

0, 0

l

l

l

D
Z

D


 


,                  (21) 
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and for 1H  from equation 4,  

 

1, 0

0, 0

l

l

l

D
Z

D


 


.                  (22) 

 

The proposed test statistic to test the null hypothesis against the ordered alternative can be expressed as  

 

1

(| |)
d

l l

l

G Z r D


 ,                  (23) 

 

where (| |)lr D  is the rank order statistic for | |lD . The G statistic takes values from the set 

0,1,2,..., ( 1) / 2d d  . Although G is expected to have a value close or equal to ( 1) / 4d d   under H0, it is 

expected to have larger values under 1H  from equation 2 or 4.  

 

Substituting d for n in ( )E T   and ( )V T   of the Wilcoxon signed rank statistic T  , the expected value and 

variance of G can be expressed as  

 

( 1)
( )

4

d d
E G


                   (24) 

 

and 

 

( 1)(2 1)
( )

24

d d d
V G

 
                                                                                                     (25) 

 

[28, p.34]. In the definition of G, Z is a random variable, but (| |)lr D , 1,...,l d , are fixed numbers. Hence, 

the random variables are not independent, and the covariance between tZ  and tZ   is  

 

2
( , )

( 1)

t t
t t

n n
Cov Z Z

n n








, t t ,                             (26) 

 

where 1,..., 1t c  , 1,...,t t c    and t tn n n   [27, p.153]. The covariance terms effect on the variance 

of G is very small and tends to approximately zero as sample size increases. Therefore, we did not consider 

the effect on the variance of G. 

 

The distribution of G is symmetrical around its own mean. Since the Wilcoxon signed rank statistic 

converges to the normal distribution, the critical values for G can be found through 

 

1/2

0.5 ( )
~ (0,1)

( ( ))

G E G
Z N

V G

 
 .                             (27) 

 

If there are tied values for | |lD , the mean of the respective ranks is assigned to (| |)lr D . In that case, the 

expected value of G remains the same, but the variance decreases. Thus, a correction term is defined as  

 

3

1 1

48

s s

i i

i i

t t

CT  




 

,                  (28) 
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where s is the number of the groups with tied values in | |lD , and ti is the number of those in the ith group 

[28, p.35]. CT is used in the approximation Equation 27, 

 

1/2

0.5 ( )
~ (0,1)

( ( ) )

G E G
Z N

V G CT

 



.                             (29) 

 

4. SIMULATION  

 

The J, G, and R tests were compared for type I error rate and power. Nominal alpha and iteration number 

were 0.05 and 10,000 respectively, sample size 3,4,5,6,7,8,9,10in  , and population 4,5,6,7,8,9,10k  .  

 

For comparison, the data were generated from normal, Student’s t, and Chi-square distributions to evaluate 

test statistic the performances for light tailed symmetric, heavy tailed symmetric, and right skewed 

populations, respectively. The selected parameters for the simulation scenarios are shown in Table 1.  

 

Table 1. Simulation scenario parameters 

 Sample 

Scenario 1 2 … k 

1 2(100,10 )N  2(100,10 )N  … 2(100,10 )N  

2 2(100,10 )N  2(101,10 )N  … 2(99 ,10 )N k  

3 2(100,10 )N  2(101,12 )N  … 2(99 ,(8 2 ) )N k k   

4 
5t  5t  … 

5t  

5 
5t  5 1t   … 

5 1t k   

6 
4 kt   3 1kt    … 

5 1t k   

7 2

5  2

5  … 2

5  

8 2

5  2

6  … 2

4 k   

 

Scenarios 1, 4, and 7 were used to compare type I error rates under H0. Scenarios 2 and 5 were used to 

compare power values when distribution means uniformly increased under H1. Scenarios 3, 6, and 8 were 

used to compare power values when distribution means and variances uniformly increased under H1. For 

scenarios 5 and 6, a constant that increased with increasing sample number was added to sample 

observations. Because the mean of Student’s t distribution is zero, some constants as 1,..., 1k   for power 

comparisons are added to the relevant observations so that the locations of the observations generated from 

this distribution are larger than zero. 

 

Figures 1 and 2 show that type I error rates for all tests were close to nominal levels for all values of k and 

n when the data were generated from normal distributions under H0. 

 

Figure 3 shows type I error rates for the J test are generally closer to nominal compared to the other tests 

for all n and k when the data were generated from Student’s t distribution under H0.  

 

Figure 4 shows that although type I error rates of the proposed test are not similar to nominal, these rates 

are approximately 0.06 when the nominal level = 0.05. Close type I error rates and nominal levels are 

considered sufficient if the type I error rates are within plus or minus 10% and 50% of nominal [31, 32]. 
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Figure 1. Type I error rates for some k values for data generated from normal distributions with scenario1 

 

 

 
Figure 2. Type I error rates for some n values for data generated from normal distributions with scenario1 

 

Figures 5 and 6 show that type I error rates for the R test are not close to nominal, being approximately 0.07 

for data generated from Chi-square distributions. On the other hand, type I error rates for the proposed and 

J tests are close to nominal as k increases. Although the rates for the R and J tests are generally close to 

nominal, J tests rates are closer to nominal for small k and n values.  

 

Figures 7 and 8 show that power values for the proposed test are superior to those for the J and R tests for 

all k and n values for data generated from normal distributions where the mean increases with increasing 

sample size.  
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Figure 3. Type I error rates for some k values for data generated from Student’s t distributions with 

scenario 4 

 

 

 
Figure 4. Type I error rates for some n values for data generated from Student’s t distributions with 

scenario 4 

 

Figures 9 and 10 show that power values for the proposed and J tests are almost similar and close to 1 when 

a constant that increased with increasing sample number was added to sample observations. Power values 

for the R test are always inferior to the other tests.  

 

Figures 11 and 12 show that the proposed test is more powerful than the J and R tests for all k and n values 

for data generated from normal distributions whose mean and variance increase as the sample number 

increases. 

 

Figures 13 and 14 show that power values of the proposed and J test are almost similar and close to 1 for 

data from Student’s t distributions; power values for the test R are always inferior. 
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Figure 5. Type I error rates for some k values for data generated from Chi-square distributions with 

scenario 7 

 

 

 
Figure 6. Type I error rates for some n values for data generated from Chi-square distributions with 

scenario 7 

 

Figures 15 and 16 show that power values of the proposed test are superior to other tests for all k values 

except 4k   for data generated from Chi-square distributions whose mean and variance increase as the 

sample number increases. 
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Figure 7. Power values for some k values for data generated from normal distributions with scenario 2 

 

 

 
Figure 8. Power values for some n values for data generated from normal distributions with scenario 2 
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Figure 9. Power values for some k values when a constant that increased with increasing sample number 

was added to sample observations for the data generated from Student’s t distribution with scenario 5 

 

 

 
Figure 10. Power values for some n values when a constant that increased with increasing sample number 

was added to sample observations for the data generated from Student’s t distribution with scenario 5 
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Figure 11. Power values for some k values for data generated from normal distributions with scenario 3 

 

 

 
Figure 12. Power values for some n values for data generated from normal distributions with scenario 3 
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Figure 13. Power values for some k values when a constant that increased with increasing sample number 

was added to a sample observations generated from Student’s t distributions with scenario 6 

 

 

 
Figure 14. Power values for some n values when a constant that increased with increasing sample number 

was added to a sample observations generated from Student’s t distributions with scenario 6 
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Figure 15. Power values for some k values for data generated from Chi-square distributions with scenario 

8 

 

 

 
Figure 16. Power values for some n values for data generated from Chi-square with scenario 8 

 

5. NUMERIC EXAMPLE 

 

As an application, data used by Jonckheere [15] was considered to illustrate the performances of the 

proposed G test and the J test. In the simulation study in section 4, the R test has been found to be quite 

poor in terms of power compared to the other tests. Therefore, the R test was not included in this application. 

This data given by Jonckheere [15] is shown below. 

 

Table 2. Jonckheere’s Data 

Sample 

1 2 3 4 

19 

20 

60 

130 

21 

61 

80 

129 

40 

99 

100 

149 

49 

110 

151 

160 

 

Because of 4k  , the value of c is obtained as ( 1) / 2 4(3) / 2 6k k    . By using equation 19, the values 

of the tR  statistic are calculated as follows. 
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Table 3. The values of the
tR  statistic  

t i i  i i  
tR  

1 

2 

3 

4 

5 

6 

1 

1 

1 

2 

2 

3 

1 

2 

3 

1 

2 

1 

2 

3 

4 

3 

4 

4 

5.25 

5.25 

5.50 

5.50 

5.50 

5.75 

 

In the above table, for example, common ranks are first assigned to the observations from samples 1 and 2, 

then the 1 5.25R   shows the mean of the ranks corresponding to the observations in sample 2. Because the 

value of c is 6, d is calculated as ( 1) / 2 6(5) / 2 15c c    . For these cases, the values of the lD , lZ , 

(| |)lr D  and (| |)l lZ r D  statistics are obtained as follows for 1,...,l d . 

 

Table 4. The values of the lD , lZ , (| |)lr D  and (| |)l lZ r D  statistics  

l t t  
lD  lZ  | |lD  (| |)lr D  (| |)l lZ r D  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1 

1 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

4 

4 

5 

2 

3 

4 

5 

6 

3 

4 

5 

6 

4 

5 

6 

5 

6 

6 

0 

-0.25 

-0.25 

-0.25 

-0.50 

-0.25 

-0.25 

-0.25 

-0.50 

0 

0 

-0.25 

0 

-0.25 

-0.25 

- 

1 

1 

1 

1 

1 

1 

1 

1 

- 

- 

1 

- 

1 

1 

- 

0.25 

0.25 

0.25 

0.50 

0.25 

0.25 

0.25 

0.50 

- 

- 

0.25 

- 

0.25 

0.25 

- 

5 

5 

5 

10.5 

5 

5 

5 

10.5 

- 

- 

5 

- 

5 

5 

- 

5 

5 

5 

10.5 

5 

5 

5 

10.5 

- 

- 

5 

- 

5 

5 

       66 

 

Based on the results above, the value of the proposed G statistic using Equation 23 is calculated as 66. As 

shown in the table above, when the values of lD  are examined, it is seen that 4 of them are zero. As is 

known, the relevant observations that cause this situation are removed from the data set. Since there are 4 

observations that cause this cases, the value of d is taken as 11, not 15. 

 

In addition, there are tied values among the | |lD values. For this reason, the mean ranks are assigned to 

them.  By taking by 1 9t   and 2 2t  , the correction term given in Equation 28 is calculated as follows. 

 
3 3(9 2 ) (9 2)

15.125
48

CT
  

                  (29) 

 

The expected value and variance of the proposed statistic by Equations 24 and 25 are found as follows, 

respectively. 

 

11(12)
( ) 33

4
E G                     (30) 
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and 

11(12)(23)
( ) 126.5

24
V G                    (31)

 
 

Using these results, the following value for standard normal Z variable by Equation 29 is calculated. 

 

1/2

66 0.5 33
3.174

(126.5 15.125)
z

 
 


                 (32) 

 

Finally, we find that
 

- ( 3.174)p value P Z   is 0.001035. On the other hand, the p-value of the J test for 

the above data by Jonckheere [15] was obtained as 0.0168. These results support the simulation findings. 

When the significance level is taken as 0.01, the null hypothesis is rejected by the proposed G test, but this 

hypothesis is not rejected by the J test. 

 

6. CONCLUSION 

 

We proposed a new G test based on the Wilcoxon test for ordered alternative hypothesis and compared the 

G test with J and R tests proposed by Jonckheere [15] and Chen et al. [24], respectively. Simulation results 

for type I error rate showed that the proposed G test and J test are generally similar with type I error rates 

close to nominal for data generated from normal and Chi-square distributions. On the other hand, J test type 

I error rates are close to nominal for data generated from Student’s t distributions. However, the proposed 

G and R test type 1 error rates were approximately 0.06. Since this result is within the acceptable range, 

they may be considered sufficiently close to nominal type I error rates [31,32].  

 

Power simulations showed that the proposed G test was superior to all other considered tests for normal 

distributions. Adding constants that increase as sample number increases for data generated from Student’s 

t distributions showed that the proposed G test was still superior, although very similar to the J test. Two 

other Student’s t distribution scenarios showed the proposed G and J tests performed well but the R showed 

inferior performance in terms of power.  

 

When data were generated from Chi-square distributions, the proposed G test was more powerful than the 

J test, except for 4k  , and the R test was inferior for all k.  

Thus, the proposed G test produces generally good type I error rates and power for all considered 

distributions.  We think that the proposed test may be applied to real data in future studies. 
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