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Abstract
In this paper, we first introduce a new generalization of Frank matrix which is a lower Hessenberg matrix.
Then, we examine its algebraic structure, determinant, inverse, LU decomposition and characteristic
polynomial.
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1. Introduction
In 1958, Frank [3] defined an n× n matrix F as

F =



n n− 1 0 · · · 0 0
n− 1 n− 1 n− 2 · · · 0 0
n− 2 n− 2 n− 2 · · · 0 0

...
...

...
. . .

...
...

2 2 2 · · · 2 1
1 1 1 · · · 1 1


, (1)

which is called Frank matrix [4,7]. One can easily generate the elements of matrix F = [fij ] by the rule:

fij =

{
n+ 1−max(i, j), i > j − 2

0, otherwise. (2)

Frank matrix is one of the popular test matrices for eigenvalue routines, because the matrix F has well-conditioned
and poorly conditioned eigenvalues [2,7]. Some properties of the Frank matrix F are reported [2,4] as: The
eigenvalues of the matrix F are real and positive and also come in reciprocal pair, det(F ) = 1, the inverse of F is
an upper Hessenberg matrix, LU decomposition of F exists, the characteristic polynomial of F has the recurrence
relation

χn (λ) = (1− λ)χn−1 (λ)− (n− 1)λχn−2 (λ) ,

χ1 (λ) = 1− λ and χ2 (λ) = 1− 3λ+ λ2.

Also, Varah [7] gave a generalization of the Frank matrix and showed how to compute its eigensystem accurately.
Frank matrix is also a Max matrix. There are many matrices defined on maximum and minimum concepts.

Some of them have been mentioned by Kılıç and Arıkan [5]. Also, they have introduced new generalizations of
the classical Max and Min matrices and have derived their inverses, LU and Cholesky decompositions and their
inverse matrices.

In this paper, we define a new generalization of the Frank matrix and examine its some properties such as
determinant and LU decomposition.
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2. Structure of Generalized Frank Matrices
Consider the real n-tuple a = (a1, a2, . . . , an) ∈ Rn. The n-tuple a = (a1, a2, . . . , an) corresponds to well-known
circulant, Min and Max matrices

a1 a2 a3 · · · an
an a1 a2 · · · an−1

an−1 an a1 · · · an−2

...
...

...
. . .

...
a2 a3 a4 · · · a1

 ,

a1 a1 a1 · · · a1
a1 a2 a2 · · · a2
a1 a2 a3 · · · a3
...

...
...

. . .
...

a1 a2 a3 · · · an

 and


a1 a2 a3 · · · an
a2 a2 a3 · · · an
a3 a3 a3 · · · an
...

...
...

. . .
...

an an an · · · an

 ,
respectively. For more information about the above matrices, please refer to [1,6].

Let us define a new matrix which corresponds to the real n-tuple a = (a1, a2, . . . , an) as follows:

Fa =



an an−1 0 0 · · · 0 0
an−1 an−1 an−2 0 · · · 0 0
an−2 an−2 an−2 an−3 · · · 0 0

...
...

...
...

. . .
...

...
a2 a2 a2 a2 · · · a2 a1
a1 a1 a1 a1 · · · a1 a1


. (3)

The elements of the matrix Fa = [(fa)ij ] is generated by the rule:

(fa)ij =

{
an+1−max(i,j), i > j − 2

0, otherwise. (4)

When we take ai = i (i = 1, 2, ..., n), the matrix Fa is reduced to the classical Frank matrix F in (1). So, we call Fa as
the generalized Frank matrix. From matrix multiplication, it is easily seen that the matrix Fa is factored as

Fa = ĨΛP Ĩ (5)

where

P =


1 1 · · · 1
0 1 · · · 1
...

...
. . .

...
0 0 · · · 1

 , Λ =



a1 0 · · · 0 0
a1 a2 − a1 · · · 0 0

0 a2
. . .

...
...

...
...

. . . an−1 − an−2 0
0 0 · · · an−1 an − an−1


and

Ĩ =


0 0 0 1
0 0 1 0
...

...
...

1 · · · 0 0

 .
Hence, we have

F =


0 0 0 1
0 0 1 0
...

...
...

1 · · · 0 0




1 0 · · · 0 0
1 1 · · · 0 0

0 2
. . .

...
...

...
...

. . . 1 0
0 0 · · · n− 1 1




1 1 · · · 1
0 1 · · · 1
...

...
. . .

...
0 0 · · · 1




0 0 0 1
0 0 1 0
...

...
...

1 · · · 0 0

 ,

for the classical Frank matrix.
Let Vn be a set of all n× n generalized Frank matrices as in (3). The following theorem gives us the algebraic

structure of Vn.
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Theorem 2.1. Vn is an n-dimensional vector space.

Proof. Let Fa = [(fa)ij ] , Fb = [(fb)ij ] ∈ Vn for a = (a1, a2, . . . , an) , b = (b1, b2, . . . , bn) ∈ Rn and α, β be real
numbers. If D = αFa + βFb = [dij ] , then by equation (4) we have,

dij = α(fa)ij + β(fb)ij =

{
αan+1−max(i,j) + βbn+1−max(i,j), i > j − 2

0, otherwise. (6)

Also,
αa+ βb = (αa1 + βb1, . . . , αan + βbn) = (c1, c2, . . . , cn) = c ∈ Rn, (7)

where ci = αai + βbi (i = 1, ..., n). If Fc = [(fc)ij ] ∈ Vn corresponds to the n-tuple c = (c1, c2, . . . , cn) , then

(fc)ij =

{
cn+1−max(i,j), i > j − 2

0, otherwise.

=

{
αan+1−max(i,j) + βbn+1−max(i,j), i > j − 2

0, otherwise.

Hence, considering the equations (6), (7) we get

Fc = Fαa+βb = αFa + βFb ∈ Vn.

Thus, Vn is a subspace of the vector space of all n× n matrices.
Let 1s be an n-tuple such that its sth element is one and the others are zero. For example, 13 = (0, 0, 1, 0, ..., 0).

Then for every Fa ∈ Vn, we have

Fa =

n∑
s=1

asF1s

and the matrices F11 , F12 , . . . , F1nare linear independent. Then the n matrices F11 , F12 , . . . , F1n form a basis for Vn.
That is, the dimension of Vn is n.

The question is while the matrix F is generalized to the matrix Fa, how we can generalize the determinant,
inverse, LU decomposition and characteristic polynomial formulas given in the study of Hake [4]? In the present
paper, we seek answer to this question.

To characterize our results, we use the term a0 in this paper. Our readers should know that a0 = 0 throughout
this paper.

Next section presents our results.

3. Main Results
Theorem 3.1. The determinant of the n× n matrix Fa is

det (Fa) =

n∏
i=1

(ai − ai−1) .

Proof. According to equation (5), we obtain

det(Fa) = det(Ĩ) det(Λ) det(P ) det(Ĩ).

Since det(Ĩ) = ∓1 and det (P ) = 1, we get

det(Fa) = det(Λ) = a1(a2 − a1)(a3 − a2)...(an − an−1)

=

n∏
i=1

(ai − ai−1).
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Corollary 3.1. Fa is invertible if and only if ai 6= ai−1 for i = 1, 2, . . . , n.

Theorem 3.2. Let the matrix (Ba)n = (βij)
n
i,j=1 be the inverse of the n× n matrix Fa. Then, we have

βij =



1
an−an−1

, i = j = 1

an+2−i

(an+2−i−an+1−i) (an+1−i−an−i)
, i = j 6= 1

− 1
an+2−i−an+1−i

, i = j + 1

0, i > j + 1

(−1)
j−i

j−i∏
k=1

βii

an+1−i−k

(an+1−i−k−an−i−k)
, i < j

where ai 6= ai−1 (i = 1, 2, . . . , n).

Proof. We use principle of mathematical induction on n. It is clear that the result is true for n = 2, that is,

Fa =

[
a2 a1
a1 a1

]
and

(Ba)2 =
1

a2a1 − a21

[
a1 −a1
−a1 a2

]
=

 1
a2−a1

−a1
(a2−a1)a1

−1
a2−a1

a2
(a2−a1)a1


=

 1
a2−a1

−a1
(a2−a1)(a1−a0)

−1
a2−a1

a2
(a2−a1)(a1−a0)


Assume that the result is true for n− 1, then

(Ba)n−1 = (βij)
n−1
i,j=1 =



1
an−1−an−2

, i = j = 1

an+1−i

(an+1−i−an−i) (an−i−an−1−i)
, i = j 6= 1

− 1
an+1−i−an−i

, i = j + 1

0, i > j + 1

(−1)
j−i

j−i∏
k=1

β
ii

an−i−k

an−i−k−an−1−i−k
, i < j.

Now, we must show that the result is true for n. Let the matrices Fa and (Ba)n be partitioned as

Fa =

[
A11 A12

A21 A22

]
and (Ba)n =

[
B11 B12

B21 B22

]
,

where
A11 = [an] ,

A12 = [an−1 0 0 0 · · · 0] ,

A21 =
[
an−1 an−2 an−3 · · · a2 a1

]T
and

A22 =



an−1 an−2 0 0 · · · 0 0
an−2 an−2 an−3 0 · · · 0 0
an−3 an−3 an−3 an−4 · · · 0 0

...
...

...
...

. . .
...

...
a2 a2 a2 a2 · · · a2 a1
a1 a1 a1 a1 · · · a1 a1


.
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Using the assumption, we have A−1
22 = (Ba)n−1. Then, the equation[

A11 A12

A21 A22

] [
B11 B12

B21 B22

]
=

[
I 0
0 I

]
yields

B11 = (A11 −A12A
−1
22 A21)−1 =

1

an − an−1
,

B12 = −B11A12A
−1
22

=

[
− x1an−1

an−1−an−2

x1an−1an−2

(an−1−an−2)(an−2−an−3)
· · · (−1)n−1x1

n−1∏
i=1

ai
ai−ai−1

]
where x1 = 1

an−an−1
,

B21 = −A−1
22 A21B11 =

[
− 1
an−an−1

0 0 · · · 0
]T

and
B22 = A−1

22 −A
−1
22 A21B11A12A

−1
22

=



x2 − x2an−2

an−2−an−3

x2an−2an−3

(an−2−an−3)(an−3−an−4)
· · · (−1)n−2x2

n−2∏
i=1

ai
ai−ai−1

− 1
an−1−an−2

x3 − x3an−3

an−3−an−4
· · · (−1)n−3x3

n−3∏
i=1

ai
ai−ai−1

0 − 1
an−2−an−3

x4 · · · (−1)n−4x4
n−4∏
i=1

ai
ai−ai−1

...
...

...
. . .

...
0 0 0 · · · xn


where xs

2≤s≤n

= an+2−s

(an+2−s−an+1−s)(an+1−s−an−s)
. Thus,

(Ba)n =



x1 − x1an−1

an−1−an−2

x1an−1an−2

(an−1−an−2)(an−2−an−3)
· · · (−1)n−1x1

n−1∏
i=1

ai
ai−ai−1

− 1
an−an−1

x2 − x2an−2

an−2−an−3
· · · (−1)n−2x2

n−2∏
i=1

ai
ai−ai−1

0 − 1
an−1−an−2

x3 · · · (−1)n−3x3
n−3∏
i=1

ai
ai−ai−1

...
...

...
. . .

...
0 0 0 · · · xn


.

Theorem 3.3. The LU decomposition of Fa exists for all n. Its factors L = (lij) and U = (uij) are given by

lij =


0, i < j
1, i = j

an+1−i

an+1−j
, otherwise

and uij =



an, i = j = 1

(an+1−i)(an+2−i−an+1−i)
an+2−i

, i = j 6= 1

an−i, i = j − 1

0, otherwise.

Proof. Matrix multiplication yields the result.

Theorem 3.4. The characteristic polynomial of Fa satisfies the recurrence relation

Pn (λ) = (λ− an + an−1)Pn−1 (λ)− an−1λPn−2 (λ) ,

P1 (λ) = λ− a1 and P2 (λ) = λ2 − (a1 + a2)λ+ a1a2 − a21.
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Proof. For the characteristic polynomial of Fa, we have

Pn (λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ− an −an−1 0 · · · 0 0
−an−1 λ− an−1 −an−2 · · · 0 0
−an−2 −an−2 λ− an−2 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · · λ− a2 −a1
−a1 −a1 −a1 · · · −a1 λ− a1

∣∣∣∣∣∣∣∣∣∣∣∣∣

= (λ− an)

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ− an−1 −an−2 0 · · · 0 0
−an−2 λ− an−2 −an−3 · · · 0 0
−an−3 −an−3 λ− an−3 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · · λ− a2 −a1
−a1 −a1 −a1 · · · −a1 λ− a1

∣∣∣∣∣∣∣∣∣∣∣∣∣

+ (an−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣

−an−1 −an−2 0 · · · 0 0
−an−2 λ− an−2 −an−3 · · · 0 0
−an−3 −an−3 λ− an−3 · · · 0 0

...
...

...
. . .

...
...

−a2 −a2 −a2 · · · λ− a2 −a1
−a1 −a1 −a1 · · · −a1 λ− a1

∣∣∣∣∣∣∣∣∣∣∣∣∣
The first determinant of the right hand side of the last equality corresponds to the Pn−1(λ). Let q(λ) denotes the
second determinant of the right hand side of the last equality. Then,

q(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ− an−1 −an−2 0 · · · 0
−an−2 λ− an−2 −an−3 · · · 0
−an−3 −an−3 λ− an−3 · · · 0

...
...

...
...

−a2
−a1

−a2
−a1

−a2
−a1

· · ·
· · ·

−a1
λ− a1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −an−2 0 · · · 0 0
0 λ− an−2 −an−3 · · · 0 0
0 −an−3 λ− an−3 · · · 0 0
...

...
...

. . .
...

...
0 −a2 −a2 · · · λ− a2 −a1
0 −a1 −a1 · · · −a1 λ− a1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= Pn−1(λ)− λPn−2(λ).

Thus, we have

Pn(λ) = (λ− an)Pn−1(λ) + an−1(Pn−1(λ)− λPn−2(λ))

= (λ− an + an−1)Pn−1 (λ)− an−1λPn−2 (λ) .

Also, it is clear that P1 (λ) = λ− a1 and P2 (λ) = λ2 − (a1 + a2)λ+ a1a2 − a21.

Theorem 3.5. Let Pn(λ) = λn + γ
(n)
n−1λ

n−1 + · · ·+ γ
(n)
1 λ+ γ

(n)
0 be the characteristic polynomial of the n× n matrix Fa.

Then,
γ
(n)
0 = (an−1 − an)γ

(n−1)
0 = (−1)n det(Fa),

γ
(n)
n−1 = γ

(n−1)
n−2 − an = −tr(Fa)

and
γ
(n)
i = γ

(n−1)
i−1 + (an−1 − an) γ

(n−1)
i − an−1γ

(n−2)
i−1

are valid for 1 ≤ i ≤ n− 2.
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Proof. By using the recurrence relation in Theorem 3.4 and the coefficients of Pn(λ), Pn−1(λ) and Pn−2(λ), we have

λn + γ
(n)
n−1λ

n−1 + · · ·+ γ
(n)
1 λ+ γ

(n)
0 = (λ− an + an−1)(λn−1 + γ

(n−1)
n−2 λn−2 + · · ·+ γ

(n−1)
1 λ+ γ

(n−1)
0 )

−an−1λ(λn−2 + γ
(n−2)
n−3 λn−3 + · · ·+ γ

(n−2)
1 λ+ γ

(n−2)
0 ).

Comparison of the coefficients yields the desired formulas. Also, we have

γ
(n)
0 = (an−1 − an)γ

(n−1)
0 = (an−1 − an)(an−2 − an−1)γ

(n−2)
0

= · · · = (−1)n
n∏
i=1

(ai − ai−1) = (−1)n det(Fa)

and
γ
(n)
n−1 = γ

(n−1)
n−2 − an = γ

(n−2)
n−3 − an−1 − an = · · · = − (a1 + a2 + · · ·+ an) = −tr(Fa).

4. Conclusion
In this paper we introduced a new generalized Frank matrix. Then, we examined its algebraic structure,

determinant, inverse, LU decomposition and characteristic polynomial. We showed that the determinant, inverse,
LU decomposition and characteristic polynomial formulas of the generalized Frank matrix are the general forms
those of classical Frank matrix. When we take ai = i (i = 1, 2, ..., n), our results are reduced the results of Hake [4].
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