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HERMITE-HADAMARD TYPE INEQUALITIES FOR h-CONVEX
FUNCTIONS VIA FRACTIONAL INTEGRALS

ERHAN SET, M. ZEKI SARIKAYA, AND FILIZ KARAKOC*®

ABSTRACT. By making use of identity of the established by Sarikaya [4], some
new Hermite-Hadamard type inequalities for Riemann-Liouville fractional in-
tegral are established. Our results are the generalizations of the results obtain
by Sarikaya [4].

1. INTRODUCTION

The following inequlity is well known in the literature as the Hermite-Hadamard
integral inequality

(1.1) f(a;rb>§bia/abf(r)dx§f(a);f(b)

where f : I C R — R is a convex function on the interval I of real numbers and
a,b € I with a <b.

Both inequalities hold in the reversed direction if f is concave.

The notion of s—convex function was introduced in Breckner’s paper [1] and a
number of properties and connections with s—convexity in the first sense discussed
in paper [7].

Definition 1.1. A function f : [0,00) — R is said to be s—convex in the second
sense if

FOz+ 1=y <Nf(@)+ 0= f()

for all z,y € [0,00), A € [0,1] and for some fixed s € (0,1]. This class of
s—convex function is usually denoted by K?2.

It can be easily seen that for s = 1, s—convexity reduces to ordinary convexity
of functions defined on [0, 00).
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Definition 1.2. [6] We say that f : I — R is a P—function or that f belongs to
the class P (I) if f is nonnegative and for all z,y € I and « € [0, 1], we have

fAz+ (1 =Ny < f(z)+ fy)

Definition 1.3. [15] Let h : J C R — R be a nonnegative function. We say that
f:I CR — R is h—convex function, or f belongs to the class SX(h,I), if f is
nonnegative and for all z,y € I and « € (0,1), we have

(1.2) fQz+ (1 =A)y) <hA)f(x)+h(1=N) f(y)

If inequality (1.2) is reversed, then f is said to be h—concave, i.e. f € SV (h,I).

Obviously, if h(A\) = A, then all nonnegative convex functions belongs to SX (h, I)
and all nonnegative concave functions belongs to SV(h,I); if h(A) = 1, then
SX(h,I) D P(I); and if h(\) = \*, where s € (0,1), then SX(h,I) D K2.

Sarikaya ([9]) is generalized Kirmaci’s ([8]) results for fractional integral. These
results are given below.

Theorem 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'] is convex on [a,b] then the following inequality for fractional integrals holds:

(1.3) W sy O+ Ty f(@)] = 1 <“;b>’
b—a / ’
S Tarp W@+l

Theorem 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|? is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

-y ?T;F;jn[ﬁ%w+””+J@#%fWﬂ‘f(a;bN
< b;“ (aplﬂ)‘l’ [(If’(a)l+43|f’(b)|)3+ <3f’(a)4+|f’(b)|)ﬂ

b—a 4
<
- 4 ap—+1

1,1 _
Whereg—l—a—l.

)puwwn+u%w]

Theorem 1.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|? is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

201 (v + 1) [Ja

o) [y SO+ Ty r@] -1 (5]

(1.5) 2 .

s (arg) e DI @1+ @31y o

(@t 3)If @+ @+ 1)1 )]

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used further this paper.
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Definition 1.4. Let f € L{a,b]. The Riemann-Liouville integrals J&, f and J f
of order o > 0 with a> 0 are defined by

S f@) = [ =07 @ o>a

and ,
o 1 ae
B t@) = g [ ¢=a . e <a
respectively. Here, I'() is the Gamma function and JY. f(z) = JJ_ f(z) = f(z).
For some recent results connected with fractional integral ineqalities, see([2]-
[5],[10]-[14]).

2. MAIN RESULTS
In order to prove our main theorems we need the following lemma see ([9]).

Lemma 2.1. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following inequality for fractional integrals holds:

i [y 0 sy s 0] = (457)

b—a 1 t 2t ! 2t t
tf = ~_b)dt— tef | — —b | dt
P e (e ) [er (e o) af

with a > 0.
Using lemma 2.1, we obtain the following fractional integral inequality for h—convex
functions.

(2.1)

Theorem 2.1. Let h: J C R — R be a nonnegative function. f: I CR — R be
a differentiable mapping on (a,b) with a < b. If |f'| is h—convex on [a,b] then the
following inequality for fractional integrals holds:

2753; 2 gy 0+ Ty S @] = 1 <a;b>’

< el (3) (- 9)]abis @i on

Proof. From Lemma 2.1 since |f’| is h—convex, we have

2O [y 0+ Ty Fl@)] - 1 (50|

3 2
b—a /lta
4 0

(2.2)

IN

£ (;a+22tb)‘dt+/01t°‘ f’<22ta+;b>‘dt}
b4a{/01ta h(;) f’(a)+h(1;) If’(b)l} dt

el (i- ) @ien(g)irol)
_ e {/t n(5)+n(i-5)]abir @i+ on
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—_




HERMITE-HADAMARD TYPE INEQUALITIES FOR H-CONVEX FUNCTIONS 257
Corollary 2.1. If we choose h(t) = t°, then the inequality (2.2) of Theorem 2.1

becomes the following inequality:

2‘733; ; [Tfeseyod @)+ Tagsy F@)] = 1 (a;b)‘

< o e (o) fur @i i o

The incomplete beta function, a generalization of the beta function is defined as
x
B (z;a,b) :/ 1=t dt, a>0,b>0and0<z <1
0

and we used the fact that

1 s
t
/to‘(lz) dt = 2““3( a+15+1>
0

Corollary 2.2. If we choose h(t) = 1, then the inequality (2.2) of Theorem 2.1
becomes the following inequality:

QQE;F_(Z; 2 gy O+ Ty S @] = 1 (é”j)’

= :
< S I @17 O

Remark 2.1. If we choose h (t) = t, then the inequality (2.2) of Theorem 2.1 reduces
the inequality (1.3) of Theorem 1.1.

Theorem 2.2. Let h: J C R — R be a nonnegative function. f: I CR — R be a
differentiable mapping on (a,b) with a < b. If |f'|? is h—convez on [a,b] for ¢ > 1,
then the following inequality for fractional integrals holds:

(2.3)

20— 1F a+1 [

+J(a+b) f(a)} —f <a;b)‘

ap+1> { (;>dt+f’<b)q/olh<1_)dt>‘l*

1

(o >dt+|f<>w/;h<z>dt>“}
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Proof. From Lemma 2.1, using the Hélder inequality and |f’|? is h—convex we have

W [ gyt ® ”?“—“)ff(“)} - <a;b)‘
< B[ el Gor Bl ol (e )}
< (L) {([ b oot )
(L (5t a) )
< 52 (gta) {ror [a@aeor [36-))

e [n(i-g)asror [n(3) dt)i}
[

Corollary 2.3. If we choose h(t) = t°, then the inequality (2.3) of Theorem 2.2
becomes the following inequality:

20-1T (v + 1)
(b—a)®

s+1 %
(17 @ oy + 1O (1“)) }

03012

= 2

Corollary 2.4. If we choose h(t) = 1, then the inequality (2.3) of Theorem 2.2
becomes the following inequality:

i e O+ s @] -1 (7))

2

b—a 1 % / q / Q%
< S (oh) (r@rsiron

ap+1

Remark 2.2. If we choose h (t) = t, then the inequality (2.3) of Theorem 2.2 reduces
the inequality (1.4) of Theorem 1.2.

Theorem 2.3. Let h: J C R — R be a nonnegative function. f: I CR — R be a
differentiable mapping on (a,b) with a < b. If |f'|? is h—convez on [a,b] for ¢ > 1,
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then the following inequality for fractional integrals holds:

2‘}2”2; ; [Tfeseyod @)+ Tagsy fl@)] = 1 <;b)‘

- b;“ <0“1“>; Klf/ (a)lq/oltah (;) dt+1f’ (b)|q/01t“h (1_ ) dt);
s [Fen(i-g)aeiror [ en(}) dtﬂ

Proof. From Lemma 2.1, using the power mean inequality and |f’|? is h—convex
we have
a+b
aa b aa :| -
[Ty 0 Ty s @] =1 (5 )‘

20710 (o + 1)
1 (2=t \[" O\
f (2a+2 b) dt

(b—a)*
) ()
tdt e
4 { 0 0
L 3 Loy 9t \|9
— b—a 1 ’ / q/1 a E / Q/l o _ - i
= = <a+1> [<|f (a)| Oth 5 dt+ | f" ()] Oth 1 dt
1 1 " :
+ (lf’ (a)|"/ t*h <1 - ) dt+ [ (b)| / t*h <> dt)
0 0 2
Corollary 2.5. If we choose h(t) = t°, then the inequality (2.4) of Theorem 2.8
becomes the following inequality:

W [J<a+b>+f< >+J<a+b> f@) =1 <;b>‘

b-a £ (a s |
< 4 <a+1) {( 04+3+1 +2 +1\f (b)qB<2,a+1,3+1>>

. ! JHCIRY
+<2+1|f (2 +1s+1>+25(04—|—8—|—1)> }

and we used the fact that

1 s
t
/to‘(l—Z) dt = 2a+1B( a+15+1>
0

Corollary 2.6. If we choose h(t) = 1, then the inequality (2.4) of Theorem 2.3
becomes the following inequality:

2“(2“3; 1) [JE‘QTH,)_i_f(b) + J(O‘M)_f(a)} " <a42rb>’

b—a ! q ! (Ié
m(lf (@) + | ®)])

(2.4)
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Remark 2.3. If we choose h (t) = t, then the inequality (2.4) of Theorem 2.3 reduces
the inequality (1.5) of Theorem 1.3.
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