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Highlights
« This paper focuses on Szasz-Baskakov operators via Appell A®) polynomials.
« Uniform convergence of the constructed operators is mentioned.

» The rate of convergence is obtained with the help of the Steklov function.
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1. INTRODUCTION

ant research topics of mathematical analysis, which emerged and
entury and has been studied by many mathematicians around the world
formed by extending the most well-known Bernstein operators to an
are defined by Szasz [1] as follows,

Approximation theory is 0
became widesp
since then. The

Su(fix) = e Bis, L f (2), (1.9)

v!

and f € C[0, «). Baskakov [2] proposed the following Baskakov operators in 1957:

Bu(fi0) = S (M T ) 2 () (L.2)

14

where u € N*, x € [0, o). Szasz-Mirakyan-Baskakov operators were examined by Prasad et al. [3] in 1983
as

V(i) = (0= 1) By e W [ (FV =) L p(ear. (L3)

and second modulus of continuity by Steklov functions.
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Appell polynomials were used by Jakimovski and Leviatan [4] to study a generalization of Szasz operators.
Let g(w) = Yoo byw? (by # 0) be a function of analysis in the disc|w| < Z (Z > 1) and assume that
g(1) # 0. The generating functions of the Appell polynomials p,, (x) are the from:

gwe™™ =Y p,(0)uv. (1.4)

Assuming that for any x € [0, ), p,(x) = 0 Jakimovski and Leviatan introduced B, (f; x) via

e ™Hx

g(1)

Pu(fi%) = S5 B0 pou)f (2), foru e N (15)

and obtained approximation properties of these operators. Let B(w) = Ygeo byw’(by # Q) and H(w) =
Yoeq hywV(hy # 0) serve as analytical processes in the disc|w| < R(R > 1), in which b, agd h,, are real.

With a generating function of the type, the Sheffer polynomials p,, (x)
A(@)e @) =32 o py(w”, o] <R. (1.6)

Using the following assumptions:

* For x € [0, ), p,(x) = 0,
«A(1) #0,and H'(1) =1,

e—HxXH(1) o

L/.L(f; x) = A(l) v=0

for i € N. .7

Yoeo Pr(Nw?, (1.8)
where

by

and  B(w) = Yo i

w? (1.9)

a generalization ¥including the Appell polynomials of class A®). Sofyalioglu and Kanat
[12] cons operators with Boas-Buck polynomials. By suitable substitutions B(t) =
et an [
-1 . [} +v-—- 1 tv
A((li)el)tx ZDZO pli (/J.X) fo (IJ' v ) (1+t)p,+v f(t)dt, (110)

is obtained. ¢ light of these informations we define a generalization of Szasz-Baskakov operators using
Appell polynomials of class A by

My(fi%) = s Do o)y (VT e fd,
where p € N, x >0, and f € C[0, ). Conditions like A(1) >0 , B(1) >0 and p,(x) >0 (v=
1,2,3,...), guarantee the positivity of the operator sequence in (1.11). If we specifically choose A(w) = 1
and B(w) = 0, the Szasz-Baskakov-Appell polynomials (1.10) can be obtained again. Some numerical
examples using certain kinds of orthogonal polynomials, like Gould-Hopper polynomials, can be created
by using the sequence of operators in (1.11). Applications such as image processing, data science, and
computer modeling can all benefit from the employment of these operators. The convergence qualities of



Kadir KANAT, Melek SOFYALIOGLU AKSOY, Verda KARADAS / GU J Sci, 37(4): x-x(2024)

the operator stated in (1.11) will be the first thing we look at in this essay. Then using Steklov functions to
calculate the order of convergence with the help of the first and second modulus of continuity, we will
derive various approximation results and estimations.

2. APPROXIMATION PROPERTIES OF M, OPERATORS

The application of the well-known Korovkin theorem and the approximation of the linear positive operator
M, are presented in this section. Subsequently, we provide the approximation error estimate utilizing the
first and second kind modulus of continuity.

Lemma 2.1. The following equations are hold:

[ee)

Z vp, (ux) = A'(1)eb + B'(1)e + px(A(1)el* — B(1)e~Hx),
v=0

[ee)

Z v2p, (ux) = (A" (1) + A'(1))e* + (B"(1) + B'(1))e

v=0

+ 2(A( X #B(1)e ).

+ux ((24'(1) + A(D))er — (2B'(1) + B(1)e

Proof. After taking the derivatives of (1.8) with respe , We substl x for x then we have the
desired results.

Lemma 2.2. For every x € [0,00) and e, (t) =

M, (eq;x) =1,

u(A()e™* —B(1)e~
(e — 2)(A(D)er* # B(1eH)

A'(L)eM + B'(1)e
—2)(A(1)er* + B(1)e +*)

M/J, (81} X) =

et + (B"(1) + 4B’ (1) + 2B(1) )e~#*

WY — 3)(A(1)e#* + B(1)eHx)
pA(1))e — (2B'(1) + 4B(1))e ™)
2)(n = 3)(A(W)er + B(1)e )

X

Wyou-n* #Y

Proof. In tiopAL.8), we substitute px instead of x and then choose k = 1 so we write,
A(D)eH* + B(1)eH* = Z Py ().
v=0
The Beta-Gamma function is given as

Lo 7l T _ w-Die-1)!
BuW =Jy G =T = e - (2.1)

If we take f(t) = 1 in the operator (1.11), we get the following expression



Kadir KANAT, Melek SOFYALIOGLU AKSOY, Verda KARADAS / GU J Sci, 37(4): x-x(2024)

LN p—1 N “utv—1 t¥
M#(eOrx) - A(l)e”x + B(l)e—ﬂxz pv(ﬂx)f ( v )Wdt
v=0 0

Using (2.1) to assist us solve the integral in the M,, operator, we get

p—1 N +v—1
Mu(€0i2) = A Do + B(De UZO poe0) (M) B L= 1)

o)

1
- T T zo Py ()

=1.

From Lemma 2.1, for f () =e4(t) = t we write,

—1 C ° _
My (ez; x) = A(l)e#xH+ B(1)e F* ; pv(ux)fo s )

_ p—1 N p+v—
~ A(DeR* + B(De Z) o) ( v
v=

1 [o0]
= =AM T B 0 Py (ux)v + Vo
_ p(Aer —B(De A'(De*™ + B'(1)e ™

(-2 (A(Der + B(HE —2)(A(D)e*™ + B(1)e™#x) * u—2' w>2).
One can find M, (e?; x) in a similigr way.
Lemma 2.3. If we calculate the ce , using advantage of the linearity of the operator, we can
write it as,
. _ Ar(1)e**+Br(1)e #* 1
Ml‘ (t—xx)= { (u—2)(A(1)eHX+B(1)e~HX) + u-2" (u>2),
_ 2.
Mu((E = 20)%20) A e + B(De#)
(A'(DHe*™ —B' (e ™) + 2(A(D)e** — B(1)e ™)u 1l
(= 2)(A(Der + B(1)e ) *
((2A'(1) +4A(1))e*™ — (2B'(1) + 4B(1))e ™ *)u 2
(= 2)(u = 3)(A(De™ + B(1e ) w-2f"
(A"(1) + 44’(1) + 24(1))e"™ + (B"(1) + 4B'(1) + 2B(1))e™#*
+ (u > 3).

(u—=2)(u—=3)(A(D)eH + B(1)e™#) '
Proof. From the linearity of the operators and Lemma 2.2, we get
M, (t — x;x) = M, (e1;x) — xM,(eg; x), (u>2),
M, ((t = x)%x) = My (ez;x) — 2xM, (eg;x) + x*M, (eg; x),  (u>3).

As a result, the lemma yields the intended outcome.
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Theorem 2.1.

Given a continuous function f on the interval [0, ), a class member

E= {f: ﬁi)z is convergent as x — 00}.

Then M, (f; x) operators converge uniformly on each compact subset of [0, o) as
N My, (3 %) = f (-
Proof. From Lemma 2.2, we get

lim My(ti;x) = xi, i=0,12.

l,(—)OO

When considering the compact subset of the interval [0, ), these convergen satisfied.

Therefore, the universal Korovkin theorem [13] provides the proof.

Definition 2.1. Let f € Cp[0,00) and § > 0. The modulus of continuity g f, §)'gf the functi
by

f is defined

w(f,8)= sup |[f(X)gf (2.2)
LS

where the space of uniformly continuous functions on oted byl [0, ).

Definition 2.2. The function f € C[a, b] has a second modulus tinuity that is defined as

(+20) =2f(C+O) + fFOIl, (2.3)

Definition 2.3. unction f;, is called Steklov function of the function f if the following
holds:

(2.5)
where integra@Je function on the closed and bounded interval [a, b]. Derivative of this function at
almost ev oigt’is given as:

’ 1 h h
fra@=2f(c+2)-f(c-2) (2.6)

If the derivative f is uniformly continuous on the real axis then we have the following relations.

sup 10 = fu(®)] < 0 (%.f)

te(—o0,00

sup ()] <-w(hf).

te(—o0,00
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(b-a)

Lemma 2.5. (Zhuk [15]) Let f € C[a,b] and A € (0, ) Let f; be the second-order Steklov function
associated with the function f. Then the inequalities listed below are met:

I fi— fIS3w0(f,2)

N A" IS 55 w2 (f, ).

In general we will minimize the margin of error in linear positive operators by using the first and second
modulus of continuity. We shall determine the convergence rate in the two theorems that follow with the
use of the earlier definitions and theorems.

Theorem 2.2. Let f € Cp[0,0) N E. M, operators confirm this inequality:

M,(f3 ) — F O < 20(f, JB,G), 27)
in which
M
0= %) = {w—zxu—s)m(l)eﬂx CORE)

| 2(A'(1)er — B'(De ™) + 2(A(1)e 4 B(1)REEH u

(14— 2)(A(D)er* + B(A)e x
N {<<2A’<1) +4A(1))e™ — (2B'(1) P2 }
(1 —2)(n— 3)(Age™ + B(D)e~ (1 —2)

(A7) +44(1) +20(1)Q™ + (B”(1) + 4B'(1) + 2B(1))e ™

A(D)e™ + B(Le ) o W=
odulus of continuity,
1) w(f,8) (2.8)

v

o) _1 ¢
A1) e QB 1)e—uxZ)p"(“x) 0( v )Wf(t)dt

4

; Py (pix) jooo (# + 11; - (1 +tt)#+v oot

v

#+5_1)(1:W|f(t) — f(x)|dt

v

(n—1) C @ _ tY It — x|
SA(l)e”x+B(1)e‘”x; pv(ux)fo (#+v 1) (1+t)u+v( . +1)w(f,5)dt

v

1 (/,t— 1) /.L+‘U t
{1 + = <A(1)€”x + B(l) —uxz Dy /ix)j v (1 +t)”+v| —x|dt>}w(f,6)_

By using the Cauchy-Schwarz inequality for the integral, the following result follows:
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t'l]

_ (=1 1¢ ®u+v—1 g
|M#(f,x) —f(X)| = {1 + <A(1)eyx +B(1)3_”X>EUZ=O pv(ﬂx) (fo ( v )Wdt)

1
T utv—1 t¥ 2
* <f0 (” z )(1 + )RV |t—x|2dt> }w(f.5)-

By examining the Cauchy-Schwarz inequality in summation, one can easily reach the

. 1 (l’l - 1) - © u+v
|M#(f' 2 f(X)| = {1 * E(A(l)e#x + B(1)e~#x ,Z:o pv(llX)fo ( )
(.u - 1) - *® u + v — 2
* <A(1)e#x + B(l)e‘ﬂx; Po(ux) | ( & It IZdt) w(f,8)

1
(M- x)Z;x))Z}woe 5)

N[~

= {1 +%(Mﬂ(eo;x))

= {1 +3 (Mﬂ((t —-x)% x))z}w(f. 6),

the desired result is achieved.

By choosing 6: = 4,

Theorem 2.3.

$x) = )] < 2NfN9% +2(a+2 + ¢Hws(f, $), (2.10)

¢:=pu(x) = L:]Mu((t —x)?%; x). (2.11)

Proof. Let f,4 be the Steklov function of second order associated with function f. Concerning the identity
M, (1;x) = 1, we possess
M (f; %) = FOOI < [Mu(f5 ) = F(x) + My, (Fps ) = My (fip; %) + i () = f (%))

< Mu(f3 ) = Mu(f3 0] + [Mu(Fs ) = fp (O] + |fp00) = £ (0]

< [If = Fo M (15:) + [Mu(Figs ) = fo | + S = £l

< 2||f = FIl + [Mu(fp ) = fp ()]
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With the help of Lemma 2.3 and Lemma 2.4,

M, (f3 %) — fo )] < || jMu((t —20%520) +5 1" IMu (£ = 0% %).
The Landau inequality is defined from [16] as follows,

1 1
1< 207102 171

If Lemma 2.5 and Landau inequality are combined,

Il < 217+ 5 1557

3a 1

<2071+ 2

sz w2 (f, @) (2.12)

If we specifically assume ¢ = ‘:/MH((t — x)?; x), then we write

My (i) = Fp GOl S 21F 162+ 200, (F5 ) + 22 ([ h). (213
From Lemma 2.5,
M)~ FCOI < If119° 4 (a + Xt 90 Y 9)

is obtained and the proof is completed.

3. CONCLUSION

via Appell A® polynomials. The uniform
hown for each coufipact subset of [0, o). The central moments of the
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