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ABSTRACT. In this paper, we define an implicit random iterative process with
errors for three finite families of generalized asymptotically nonexpansive ran-
dom operators. We also prove some convergence theorems using this iteration
method in separable Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Random analysis is one of the most important areas of mathematics. Particu-
larly, random techniques have a very common use in pure and applied mathematics.
Hans [9] and Spacek [17] proved random fixed point results for random contraction
mappings on separable metric spaces. Later, many authors have worked on it using
different operator classes and different spaces. Some of them are given in these
references [1], [3], [4], [10], [11], [12] and [13].

Let (U, %) be a measurable space and X be a real Banach space. Assume that
E is an operator from U x X to X. Here, the m-th iterate E(¢, E({,. .., E({,up)))
of E is denoted by as E™ (¢, ug).

Definition 1. Let f be a mapping on G. If for any Borel subset X C R the set
F7Y(X) is measurable, the mapping f is called measurable.

Definition 2. Let E be an operator from U x X to X. If E(,up) : U — X is
measurable for every ug € X, then it is called a random operator.
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Definition 3. Let E be an operator from U x X to X. If E({,) : X — X is
continuous for each £ € U, it is continuous.

Definition 4. Let E be an operator from U x X to X. If E(¢,p(£)) = p(£),Vl € U,
p is called a random fized point of the random operator E. Here, p : U — X is a
measurable function. We denote by RF(E) the set of random fized points of E.

Definition 5. ( [2]) Let X be a separable Banach space and © be a nonempty
subset of X. Assume that E : U x © — O is a random operator. Then F is called

(1) nonexpansive random operator if
IE(4, ug) — E(¢,v0)|| < |Jug — vo| for all ug,vg € © and for each £ € U,

(#4) asymptotically nonexpansive random operator if there exists a sequence of
measurable functions r,, : U — [1,00) with lim,, o 7 (€) = 1 for each £ € U such
that

HEm(& 'LL(]) — Em(& U())H < Tm(é)”'U/(] — ’U()H,V'LL(],’U(] € @,m € N7

(#4i) asymptotically quasi-nonexpansive random operator if there exists a se-
quence of measurable functions r,, : O — [0,00) with lim;, yeo rm(€) = 0,¥4 € U
such that

IE™(€,n(0)) = p(O)] < (1 + rm(0)) [In(€) — (o),
where p : U — O is a random fixed point of E and n : U — O is a measurable
mapping.

(iv) uniformly L-Lipschitzian random operator if for all ug,vg € © and for all
el

[E™ (€, u0) = E™ (£, vo)|| < Lllug — voll,
where, m > 1 and L > 0.

(v) semi-compact random operator if for a sequence of measurable mappings
{0, } from U to ©, with limy, e || 0,0, (¢) — E (¢, 0,,,(£))|| = 0 for all £ € U, we have
a subsequence {o,, } of {0,,} such that o,, (¢) = o({) for each ¢ € U, where o is
a measurable mapping from U to ©.

In 1995, Choudhury gave the random Ishikawa iteration method and he proved
some random fixed point theorems using this method in Hilbert spaces. Thus he
contributed to the development of random iteration schemes. Later, some authors
introduced different iteration methods for random fixed points of different operator
classes ( [2], [5], [6], [7], [8], [14], [15]). In 2005, Beg and Abbas [2] introduced
the following implicit iteration process for weakly contractive and asymptotically
nonexpansive random operators in Banach spaces. They also showed that this
iteration method converges to the common random fixed point of a finite family of
asymptotically quasi-nonexpansive random operators in Banach spaces.

Throughout the rest of this paper, I denote the set of the first X natural numbers,
that is, I = {1,2,...,R8}. Also, F = N_, [RF (S;) N RF (E;) N RF (K;)] shows
the set of common fixed points of three finite families of mappings {S;: ¢ € I},
{E;:ie€l}and {K;:i€I}.
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Let E; : U x © — O be a finite family of random operators and g, : U — © be
any measurable function. Let us define the sequence of functions {p,,} as follows:

0 (0) = A1 (€) + (1= ) BI(7) (€, 0, (0)) (1)

where m = (k — 1)X + 4.

In 2007, Plubtieng et al. [14] introduced the following implicit iteration method
and they obtained some convergence results for a common random fixed point of
a finite family of asymptotically quasi-nonexpansive random operators under some
conditions in uniformly convex separable Banach spaces.

Let E; : U x © — O be a finite family of random operators and g5 : U — ©
be any measurable function. Also, let’s assume that the sequence {f,,} consists of
measurable mappings from U to ©. For all m > 1 and V¢ € U,

0m(0) = Ay 1 (0) + (1= ) B (£, 0,,(0)) + fin(0)

where m = (k — 1)X + ¢ and each {f,,(¢)} is summable sequence in O, that is, the
series Y °_ || fm(€)]| is convergent.

Afterwards, Banerjee and Choudhury [1] constructed an implicit random itera-
tive process with errors for a finite family of asymptotically nonexpansive random
operators in real Banach space. They also proved that this process converges to the
common random fixed point of such operators in the setting of uniformly convex
Banach spaces. Their iteration process is as follows:

Let E; : U x © — O be a finite family of random operators and g, : U — © be
a measurable function. For all m > 1 and V¢ € G,

k(m
0m(0) =m0y 1(0) + BB (61, (0) + Yo fin(0)
k
M (€) = A0, () + b BA ) (6,0, (0)) + mgin(0),
where {am}, {8} {Vm}:{am}, {bm},{cm} are sequences in [0, 1] with o, +5,,,+
Yon = @m + b + ¢ = 1 and {fin},{gm} are bounded sequences of measurable
functions from U to ©.

Based on the above studies, we first present the idea of the generalized asymptot-
ically nonexpansive random operators. We also give an implicit iteration method
using three finite families of these operator classes. Then, we obtain some conver-
gence results using this iteration process.

2)

Definition 6. Let X be a separable Banach space and © be a nonempty subset of
X. Also, let’s assume that E : U x © — O is a random operator. Then E is said
to be a generalized asymptotically nonexpansive random operator if there exist two
sequences of measurable functions p,,(£) : U — [0,00), vm(f) : U — [0,00) with
limy,—s 00 f, (€) = 0 and limyy, 00 vim (€) = 0 for each £ € U such that

[E™ (€, u0) = E™ (£, 00) || < [luo = voll + pn (O)][uo = voll + vm (€)

for all ug, vy € © and for each ¢ € C.
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Remark 1. From above definitions, we can see that every asymptotically nonex-
pansive random operator is generalized asymptotically nonexpansive random oper-
ator. DBut, its converse is not true in general. We know also that every asymp-
totically nonexpansive random operator with RF(T) # 0 is asymptotically quasi-
nonezrpansive random operator and every asymptotically nonexpansive and asymp-
totically quasi-nonexpansive random operator is uniformly L-Lipschitzian random
operator.

Definition 7. Let X be a separable Banach space and © be a nonempty subset of
X and §;, E;,K; : U x © — O be three finite families of random operators. Also,
suppose that gy : O — O is a measurable function.

Then our iteration method with errors is defined as follows:
01(0) = c181(¢, 09(€)) + B1Er (£, a10,(€) + b1 Ky (£, 01(€)) + c191(¢))

+v1f1(£)
05(0) = aaS2(¢, 01(0)) + BB (¢, a205(€) + bakla (£, 05(£)) + c292(¢))
+72f2( )

ox(£) = anrSr (4, 0x_1(€)) + BrEx (£, anox () + bxlx (¢, 0x(¢))
+exgr(€)) + e fr ()
ong1(f) = ant18xy (L, ox(0)) + 3N+1E12(& GN+1QN+1(€)
+bx41K3 (57 QN+1(€)) +enp1gr41(6)) + yrprfrrr(f)

ox(0) = aanSax (£, 0ax 1 (€)) + Bon B3 (€, agn09x (¢)
+ban KR (£, 00 (€)) + cangan(£)) + van fu(£)
92N+1(€) = aony1San41(4, 090 (£)) + 52N+1E§(£v a2N+1Q2N+1(€)
+bon11K7 (£, 09n41(0)) + cony192n41(6)) + Yani1 font1(£)

We can write compact form of above iteration as follows:

{%@%ﬁ%@%u”ﬂ@ﬂﬂ%MMm+%m®

1o (©) = (D) + bk ™ (6,00 (0) + Cmgn(0), m =1, VE€T )

where {am}, {8} {Vm} s {am}, {bm}, {cm} are sequences in [0, 1] with a,, +3,,+
Yin = @m + b + ¢ = 1 and {fm},{gm} are bounded sequences of measurable
functions from U to ©.

Lemma 1. ([18]) Let {u,,},{vm} and {d,,} be sequences of nonnegative real
numbers such that

/’Lerl (1 + 6 )Mm +Um'
If > 0m < oo and ) vy, < 0o, then

(2) limy,—y00 p,, €xists,
(44) limy,—s 00 4y, = 0 whenever liminf,, ,~ p,,, = 0.
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Lemma 2. ([16]) Let X be a uniformly convex Banach space and {uo, } and {vom,}
be two sequences in X such that limsup,,_, . [[tom| < 7, limsup,,_, [vom| < 7
and lim,, oo [|[€mtom + (1 — €m) vom || = r satisfying for any » > 0. Also, let’s
assume that 0 < p < £, < ¢ < 1. Then lim,;, o0 ||4om— vVom|| = 0.

2. MAIN RESULTS

Now, we will give some convergence theorems for generalized asymptotically
nonexpansive random operators using our implicit random iteration scheme with
errors.

Theorem 1. Let X be a separable Banach space and © be a nonempty closed
convex subset of X. Let S;,E;,K; : U x © — O be generalized asymptotically
nonezpansive random operators with the sequence of measurable mappings {r;, }
U = [1,00) satisfying > ooy (ri,,(£) = 1) < oo for all ¢ € G and for all i € I.
Suppose that F # 0. Let the iteration {o,,} be defined by (3) with the additional
assumption 0 < & < Qu, B, < B <1and > 00 | v < 00, 00 Cm < 00. Then
{0,,} converges strongly to a common random fized point of the random operators
Si,E; and K; if and only if for all £ € U,liminf,, o d(0,,({),F) = 0, where
00, (0), F) = inf {0, (¢) — o(O)] : 0 € F}.

Proof. Let o be a fixed point, that is ¢ € F. Since {f,} and {g,} are bounded
sequences, we can write for each ¢ € U,

M(t) = sup [ fm (€) = o(O)] v sup lgm (€) — o(O)] -

It is clear that M (¢) < oo for each ¢ € U. Also assume that r,,(¢) = {maxr;_(¢) :
i=1,2,...,R} for each m > 1. From the condition Y . °_ (r; (¢) —1) < oo for
each £ € U, we have that >~ (r,,(¢) — 1) < co. Using (3), we obtain that

1920 = 2O = [[am (D) + ki) (€00 (0) + cmgm () = 2(0)|

< a0, (6) = o0l + b 5 (2. 0,,(0)) — 0(0)
+em llgm(£) = e(O)]

< am [lom(€) = 0O + buTr(m) (€) |0 (€) — 0(O)]]
+bmvm(€) + e M (L )

= am[[0p(6) — 0(O)[| + b (L + 1y (0)) [l 0 (€) — 0(O) |
+bmUm () + ¢ M (£),

< (4w (0) 100, () = 0O + brnvm (€) + ¢ M (£).
where p1,,,(€) = T(m) (£) — 1.Also,

lom(® = o) = [|amSKm (€ 0-1(6) + B EL) (€1, (0) + 7, fin () = 0(0)|

S, 0,01 (0) = 0(0)

IN

B |[EE (€ 1,0(0)) = o0)

|



GENERALIZED ASYMPTOTICALLY NONEXPANSIVE RANDOM OPERATORS 575

IN

IN

IN

IN

Y ||fm( ) — el

AmTk(m HQm 1(0) = )H + v (£)

+Bm rk(m( ) 17, (€) — ( )| +7mM(5) + B om(£)

A (14 i (D)) [ €1 () = 2(O)]|

+B (1 + 1, (€)) [(1 +um( )) [0 (€) — 0(0)[| + e M (€)]
+O‘mvm( )"’ﬂ Um( )+’7mM(£)

om (14 iy (0)) [| €1 () = 2(O)

+B,, (1 + 11, (0)) IIQm( ) ( i

FBmCm (L + 1, (£)) M(£) + By vm (£) + B, (1 + 1, (£)) b0 (£)
+amvm(0) +'ymM(£)

am (L4 i (0)) || em—1(€) — 2(0)]]

+ (1= am) (1 +pm(0)) IIQm( ) —o(0)]|

+ [Bimm (1 + 13, (€)) + 7] M (£) + B,,vm (£)

+Bm (L + 1, (0) b0 (£) + v (£),

am || 01 (€) = 0(O)]| + (1 = ctm + pm(0)) |0, (€) — 2(O) |
+ [BimCm (1 + 13, (€)) + V] M(€) + B,,0m (£)

48, (1 + 11, (£)) b0 (€) 4 QU (£).

where pp, () = 24, (€) + f1,,,(¢)?. This implies that

and

llom (6) —

0, (£) —

o))

(Ol

om0 = e®]) + 222 o, (0) — o0

o Bmem (1 +aﬂm (0) + Y M(£) + vy (£)

4 Pt (D) + B (14 1 (£)) bt (6)

827)

IN

(5)

IN

lem-1(6) = o] + 5= llom(€) ~ (0]

4 Pt (D) + B (1 1 (£)) b0 (6)

Q

IN

(0) || @—1(€) — o(0) || (5)

O — PDm

s

—
o~

N
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+ +ﬁ7n (1 + K, (f)) mem (@) + Um (E) M(f)
a —pm(f)

_ pm(f) _
_ (H(ap v w)ugm_lw o)

ﬂ o (4 11 (0) b (¢ )+vm(€)

a —pm(0)

M(0).

From the condition Y 07 | (rpm)(€) —1) < oo for each ¢ € U, we know that
>ty () < 0o and hence Y °_ pp(€) < co. So limy, oo pim(¢) = 0 for each
¢ € U. From the definition of generalized asymptotically nonexpansive random
operator, we also have lim,, ,~ v, (£) = 0 for each £ € U. Then for ¢ € U, there
exists my € N such that p,,(£) < § for all m > m;. Thus from (5) we have that,
for all m > my

lew(®) - ol < (142 <2))<1+-um<@>uem1w>—-gwﬂl ©
m (14, (£ )) bmVm (£) + v (£)

[e%

2N (¢)

= (1+An(0) Hgmfl(g) - Q(@H + om(0),

where
() = 22200 (14 1, 6) 410
and

Therefore Y °_ A (f) < co and Y °_, am(é) < oo. This implies that
d(gm(g)vF)S].'F)\ (Qm 1 )+Jm(€)

Using Lemma 2, we obtain that lim,, . d (o,,(¢), F) exists for each ¢ € U. More-
over, from the condition of the theorem we have for all £ € U,

im_d (o, (£), F) = 0.

We can see that the sequence {p,,(¢)} is a Cauchy sequence for each £ € U using a
similar method as in [2]. Therefore g,,(¢) — p(¢) as m — oo for each ¢ € U, where
p: U — F. Next, we will prove that p € F. Since for each ¢ € U, g,,(¢) — p(¢)
as m — oo there exists ms € XN such that |o,,(¢) —p({)|| < Ty for all
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m > mg. Since limy,—,o0 d(0,,(¢), F) = 0 for each ¢ € U, there exists my € X
such that d(p,,(¢), F) < m for all m > my. So there exists o* € F such

that ||g,,(£) — o*(0)| < W for all m > my. Since limy,, oo Vi (€) = 0 for

each £ € U, there exists my € N such that v,,(¢) < m for all m > ms. Let

me = max {mg, mg,m5}. Now for all [ € I and for all m > mg

15106, p(€)) = p(OIl - < |ISu(€, p(£)) — 2" (O]l + [l o™ (£) = p(O)]
< ISl p(0) = Si (6, 0" (D) + [le*(€) — p(O)]
< () [le*(€) = p(Ol + vi(6) + lle*(€) — p(O) ||
= (1+7(0) ") = pO)]| +v1(€)
< (@+r(0) ") = en (Ol + (L +71(0)) l[2n(€) — p(O)]]
+ (1 +r1(0)) vi(0)
< (1+r1(€))m+(1+r1(£))m

€

++mO) 55w

- €

which implies that S;(¢,p(¢)) = p(¢) for all I € I and for each ¢ € U. Similarly, we
can show that E;(¢,p(f)) = p(¢) and K;(¢,p(£)) = p(¢) for all [ € I and for each
¢ € U. Therefore, we can say that p € F. That is, {g,,} converges strongly to a
common random fixed point of S;, F; and ;. O

Lemma 3. Let X be a uniformly conver separable Banach space and © be a
nonempty closed convex subset of X. Let S;, E;,IC; : U X © — O be uniformly L-
Lipschitzian generalized asymptotically nonexpansive random operators with the se-
quence of measurable mappings {r;,, } : O — [1,00) satisfying > oo_ (5, (£) = 1) <
oo for each £ € U and for all i € I. Suppose that F # (). Let the iteration {g,,}
be defined by (3) with the additional assumption 0 < a < am, B, < 8 < 1 and

Zz:l ,Ym < OO7Z:Z1 Cm < 0. Then
im0, (6) = St (€0, ()] =0, lim |l0,,(€) = Ey (£, 0, ()] =0

and
lim ||Q7n(€) - ICl (E’ Qm(e))” =0

m—r o0

for each £ € U and for alll =1,2,...,N.

Proof. Let ¢ € F be arbitrary. Since {f,},{gm} are bounded sequences of mea-
surable functions from U to O, so we can write as follows,

M(l) = sup [ fm (€) = o(O)]| v sup 1gm (€) = o(O)]] -

From above the equality, we have M ({) < oo for each ¢ € U. Assume that r,,,(¢) =
{maxr;, (¢):i=1,2,...,R} for each m > 1. This implies that > ~_, (r,,({) — 1) <
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oo for each ¢ € U. Using (6) we know that

lem (0) = (O] < (14 A (D)) [|m—1(0) = 2(O)]| + 7 (8),

where > % _ A\, (f) < oo and >, 0 (f) < co. From Lemma 1, we obtain that
limy, 00 ||0m (€) — 0(€)] exists for all p € F and for each £ € . We suppose that
limy, 00 ||0,, (€) — 0(€)|| = ag. From (4), we have that

(

[1175,(6) = (Ol < (1 + 1, (€)) |0 (€) = 2(O)]] + bmvim (£) + e M (£).

From the above inequality, we obtain that

lim sup ||n,,,(¢) — o(£)|| < ag for each £ € U. (7)
m—r oo
Also
@ = Im_on() - o0
=l [ amSE (€ 001 (0) + BBl (€ 1,0(0) + 3 fn(0) = 0(0)|

= lim
m—00

For all ¢ € U, we have

[t oms () = o) + 1 (Fn(0) = K3 (01 (01 )
HE 0r(0) = 0O)| + 70 [ £nl0) = S (€ 0,01 0D
Taking limsup on the both sides of above inequality, we obtain that

S (L, 00 -1(0)) = o(0)

<

li 9
ISP (a0 S 01 (0)) ©)
< timsup [[sE e @m_lwn—@(z)HHmemw = Sim (1 (0)])
< 1 ( +Mm HQm 1 E) || +Um )
<t (0 S o] ) T

Also, we can write the following inequality
L) (€1,0(0)) = o(0) + 1, (Fn () = S (€ 0,01 (0)) ) |

Bl (€ (0)) = 00| + 10 [ £ (0) = S (€, 0001 (0))
< im0 11,0 = (O] + vm () + Vi) (€) || fin () = 01 (D] 4 vm (€).

IN

A

(1= Bon) (SI(60101(0) = 0(0) + 7, (i (€) = SYT) (L. 0, 1(0)))
B (Elm) (€1 (0) = 00 + 72 (fn(0) = SI (6 001 (6))))

(8)
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Taking again limsup at the above inequality, we get

B (4,0,,.(6))

m (10)
+7m (fm( )785(571) [ Om— 1 H

lim sup
m— o0

< lims (14 (€ )) ||77m
111 su m

From (8),(9),(10) and Lemma 2, we obtain that

dim | B (6, (6) = SE (0, 001 (0] = 0 (1)
for each ¢ € U. For each ¢ € U, we have

|0 (©) = S5 (€ 0,1 (0) (12)
AmSi (L, 01 (0) + B B ) (6,1,,(0))
() = SE (€, 0 1<£>>
B | X (€1, (0)) = SE) (6, 011 (0)
o [ ) = SIS € 001 ()|

— 0asm — oo.

IN

Hence for each £ € U and for all [ € I,
k(m
0.,(0) = S (€, 0,000 =0

lim
m— 00

Since
low® = B @nun] < [lont® =S5 € 00 0))]

k(m k m
[|SE (€ 0 (0) = B €m0
by using (11),(12), we obtain that
; Erm) _
Jim |, (€)= B (6., (00)] = 0 (13)
for each ¢ € U. We also have
[17,,(€) = ()|

0000 (0) + BaKEC (8, 0,0 0)) + Ernn(8) — 0,0

b |1 (62 (0)) = 0 (0| + o 19:0(0) = 2 ()]

Using (7), we have that limsup,,_, . [|1,,(¢£) — 0(¢)|| < ag for each ¢ € U. Also, we
have

liminf ,,(0) — o(O)l < lminf apur(6) [lgm-1(6) — o(0)]

m—r oo m—r o0

IN
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B Tm (€) 17, (€) = 2(O) + Y | fr (€) — ()]
which implies that

a1 < ity + By T 0 [17,,(0) — 0,0 (0)].

From above inequality,

=28 < it ()~ 0, (0)]
< im0 - 0,0
Now
a =l (0 - e(0)]
= 1m0, (0) + bKE (6 0,,(0) + emgm(0) — 0(0)|
o (1= bn) [0 (D) = 0(0) + g (€) = £,0(0)
moros || b [/cf(ﬁn”? (£, 0, (0)) = 0(£) + Crgm(€) — Qm(ﬂ)} H
So
tsnsup 2, (6) + 0(6) + (g (6) — 0 (0)]
< Hmsup g () + oD + e [(9:(0) = 2 (O)]
<
and

lim sup HICI(m) (4, 0,,(0)) — 0() + crngm(£) — Qm(E)H

m—r o0

IN

tim sup [ KX (6 2,0(0)) = 00)]| + e lgm (€) = 2,1 0]

lirf_?llop T (€) |00 (€) = 0(O)]| + 03 (£) + € [|gm (£) — 0, (0) ]
Qy.

IN

IN

Taking Lemma 2

"Cf((,:)) (4, 0,,(0)) — Qm(f)H — 0 as m — 00

Using (13), we obtain that

10, (€) — 1 (O)]| = 0 as m — oo.

We have
[ SE (€, 0-1(0) = B (6,0, 0)) (14)
< [[SE @ 0 0) = B (@) + | (€0, (0) = B (0,00
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BT (€0, (0) = 0, (1)

IN

K 00 1(0) = B o) + 2

= ol +LHEk(m) 1(€,nm(€))—9m(€)H

where 0, (¢) = Slk(%)(@ Om_1(0)) — Ezk((mm)) (E,nm(f))H for each ¢ € U. From (11),

we get that o,,,(¢) — 0 for each ¢ € U as m — co. We also have

o (6 (0) = 0 (0| (15)
o) (@) = B (00w (©) |

B (6 omos(0) = B (E i (0)

B (€ (0)) = SIS (€ e 1 (0)

o) (€ g1 (0) = e 0)]

for each m > N, m = (m — X)(modN). Again since m = (k(m) — 1)R 4 i(m), we
have k(m — X) = k(m) — 1 and i(m — X) = i(m). Using (15), we can write

| B () = 0,0 (16)

d

d

< |G Enn) = B (6 0nn(0)
+ Ezk((m R) (6 Om— N(f)) Ezk((m N) E M —x( H
| By (s (0) = 8150 (6 gy -1(0)
( (
[ S 6 ey 1 () = 00
< L ||77m(€) - meN(g)H + L ||Qm7N(€) - nmfﬁ(e)H + UmfN(Z)
[ S5 € oy 1 (@) = 0,0

Also, we have

St (€ 01 (0)) + B Bl (€,1,,(6))
Y Sfm (€) = 0 —1(0)

Samﬁﬁwhan om0
+8 (1 (0) = 01 () H

< o sz:xke 0m-1(0) = 0 (0)]| + [l2m(®) = 00mr(O)])
wa\mm<<»—%@Ww% ~ 0ua(O)])
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and

N 0mr(0) = 0 (O)]| + B | E
+(am +ﬁm Hgm Qm—l K H

— (1 - QO — /Bm ||Qm E) - gm—l(e)H S o

o (€0, (0) = 0, (0)]

S:C((TZ;) (ga Qm—l(z)) - Q’"L(é) H
k(m

+6m‘ i(m) Enm )_ngH
am%%wmm>%m
B || BRI (€1, (0)) = 0,0(0)|

(1 — Om — ﬁm)
k(m) _
o [SE (0001 (0)) = 0,4(0)]
B || BRI (€10 (0) = 0,0(0)|
- 1-28,,

| 0m (€) = @1 (0)|| = 0 as m — oo for each £ € U.
So from (14) and (16) we have for each £ € U,

SET (8. 0,0-1(0)) = E (4,0, ()

< om() + L2 [0 (0) = 0w (O] + L? [lom-n () = 1 (O] + Lom—x(£)
I 0y 1 (0) = 2, (0|
S Um(é) + L2 (Hnm( ) — Om E)H + ||Qm(€) - Qm—N(E)H) + L2 ||Qm—N(£) - nm—N(é)H

+L0m_;¢(€)

k(n
N 01 (0) = 0 (0)]
It follows that

SE (603 1(0) = B (6,0, (0)|| 0 a5 m — o0 (17)
By (17) and (12) we obtain that
l0m(€) = Em (€, 0,,(0))] (18)

0 (0 = S (€ o1 ()] + ||ST (€. 001 (0) = B (€00
— Oasm — oo

Now for each I € {1,2,...,R}, by using (18) we get that
lom () = Smti (€ em O < [om () = Cmys (O] + [|em11(6) = S (€, 011 (0) |
+{[Smtt (€ 0m+1() = St (€ 20 (0) |
< lem ) = 0O + || 0ms1(€) = Smri (€ 0msa(0)]|
+L |01 (0) = 0, (O
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< om0 = msi @) + || ms1(6) = 0mri—1 (D]
lem1-1(6) = St (£ 012 (0)]

+L [|om+1(6) = 0 (O)]

HQm(E) - Qm+z H + HQmH(f) - Qm+l—1(€)H
+ H9m+z 1(6) = 01 (£ H

+ HQm+l—1(€) — St (€ 0t (0) ||

+L || 0mi1(0) — 0, (0) |
— 0 as m — oo for each ¢ € U.

IN

Therefore we have
T [0 (6) = St (€0, (0)]] = 0
for each £ € U and for each | € I. Similarly we have
1m0 (0) ~ B (6, 0,0 (D) = 0 andTim_[lo,,(6) ~ K1 (£, 0,,(0)] = 0
for each £ € U and for each [ € I. |

Definition 8. Let S;, FE;,IC; : U X © — O be continuous random operators with
F # 0. They is said to satisfy Condition (B*) if there is a nondecreasing function
f on[0,00) with f(0) =0 and f(t) > 0 for each t € (0,00) such that for each £ € U

fld(uo(£), F)) max {[|uo(f) — (¢, uo(€))[|}

1<i<

( <
or f(d(uo(¢), F)) < max {[luo(¢) = Ei(€,u0(6))][}
(

1<i<

or f(d(uo(£), F)) < max {luo(f) — Ki(L, uo (L))}

1

where ug : O — O is a measurable function.

Theorem 2. Let X be a uniformly convex separable Banach space and © be a
nonempty closed convex subset of X. Let S;, E;,IC; : U X © — O be uniformly L-
Lipschitzian generalized asymptotically nonexpansive random operators with the se-
quence of measurable mappings {r;,. } : U — [1,00) satisfying Y o, (r;, (£) — 1) <
oo for each £ € U and for all i € I. Suppose that F # 0. Let the iteration {o,,}
be defined by (3) with the additional assumption 0 < a < am, B, < 8 < 1 and
anozl Y < oo,ZiZl cm < 00. If the families S;, E; and K; satisfies Condition
(B*) for each l € U, then {o,,} converges strongly to a common random fixed point
Of Si7 EZ and K:,L

Proof. From Theorem 1, we know that lim,, d(o,,(¢), F') exists for each ¢ € U.
Using Lemma 3 and Condition (B*), we have that

T (d(0,,(0), F)) = 0.

From definition of f, we have lim,, ,o d (0,,(¢), F') = 0. Hence the result follows
by Theorem 1. (I
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Theorem 3. Let X be a uniformly convex separable Banach space and © be a
nonempty closed convex subset of X. Let S;, E;,KC; : U X © — O be uniformly L-
Lipschitzian generalized asymptotically nonexpansive random operators with the se-
quence of measurable mappings {r;,. } : U — [1,00) satisfying Y o, (r;, (£) — 1) <
oo for each £ € U and for alli € I. Suppose that F # () and at least one of member
of the families S;, E; and KC; is semi-compact random operator. Let the iteration
{0,,} be defined by (3) with the additional assumption 0 < a < ap, B, < B <1
and Yo Y < 00,200 Cm < 00, then {g,,} converges strongly to a common
random fized point of S;, E; and K;.

Proof. From Lemma 3, we know that lim,, o ||0,,¢) — Si (¢, 0,,(£))]| = 0 for each
£ € U and for each [ € I. Assume that S; is semi-compact random operator. Then
there exists a subsequence {g,,, (¢)} of {9,,(¢)} such that g, (¢) — o(¢) for each
¢ € U, where p is a measurable mapping from U to ©. Thus

lo(0) = Si( o))l = lim [[o,,, (£) = Sy (£, 01, (0))]]

k—oco

= 0 foreach? e U and foreachl e I.

It follows that o € F. Since {g,,({)} has a subsequence {o,, (¢)} such that
Om, (£) — o(f) for each £ € U, we have that liminf,, ,o d(0,,(¢), F') = 0. Hence
the result follows by Theorem 1 . O

Remark 2. i) Theorem 1, Lemma 3 and Theorems 2-3 are also valid for asymptot-
ically nonexpansive random operators and uniformly L-Lipschitzian asymptotically
nonexpansive random operators. If we take v,,(£) = 0 for each £ € U and for all
m > 1, the conclusions of our theorems are immediate.

1) Taking Sik(gz)) (4, 01—1(0)) = 0,,_1(€) for each £ € U and K = E at the implicit it-
eration process (3), this reduces to the iteration process (2). So, Theorem 1, Lemma
3 and Theorems 2-3 extend and improve Theorem 3.1, Lemma 3.1 and Theorems
3.2-3.3 of [1] for three finite families of generalized asymptotically nonexpansive
random operators.

iii) Taking 85((7:;) 4y 0-1(0)) = 01 (0), fm(€) = 0 for each £ € U, ap, = by, =
¢m = 0 for all m € N at the implicit iteration process (3), we get that the iter-
ation process (1). Thus, our results extend Theorem 4.1 and Theorem 4.2 of [2]
respectively. Moreover, our results extend and improve the corresponding results

of [14]-
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