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nonlinear evolution equations (NLEESs), has been implemented to KMM
system and generalized hyperelastic-rod wave equation. Some solutions have
Keywords: been found for the considered equations and visualized in two and three

GKM : ! . X
Kraenkel-manna-merle system dimensions using Wolfram Mathematica 12.

Generalized hyperelastic-rod wave
equation
Soliton solutions

KMM Sistemi ve Genellestirilmis Hiperelastik-Rod Dalga Denklemi icin Soliton Coziimler
Arastirma Makalesi 0z

Makale tarihgesi: Bu calismada Kraenkel-Manna-Merle (KMM) sistemi ve genellestirilmis
Szlt;alutl:r?rlnﬁggigéi hiperelastik-rod dalga denklemi incelenmistir. Bunun igin lineer olmayan
Online Yaymlanma: 12.12.2022 evrim denklemlerinin ¢6ziim yontemlerinden biri olan genellestirilmis

Kudryashov metodu (GKM), KMM sistemine ve genellestirilmis hiperelastik-
Anahtar Kelimeler- rod dalga denklemlerine uygulanmistir. Ele alman denklemler igin bazi
GKM ’ ¢oziimler bulunmus ve Wolfram Mathematica 12 kullanilarak iki ve ii¢ boyutlu

Kraenkel-Manna-Merle sistemi olarak gorsellestirilmistir.
Genellestirilmis hiperelastik-rod

dalga denklemi

Soliton ¢oziimleri

To Cite: Demiray ST., Ceren E. Solutions for KMM System and Generalized Hyperelastic-Rod Wave Equation. Osmaniye
Korkut Ata Universitesi Fen Bilimleri Enstitiisii Dergisi 2022; 5(3): 1690-1703.

1. Introduction

Nonlinear evolution equations (NLEEs) are tackled in quite substantial scientific fields such as
physics, biophysics, mathematical physics, optical fibers, mathematical chemistry, hydrodynamics,
fluid dynamics, control theory, optics, mechanics, chemical kinematics, biogenetics and so on. With
the improving world, NLEEs arise as having more difficult and complex solutions. Solving these

equations and finding novel methods form a very important field of study. For this aim, several
solution methods such as the (G'/G,]/G)—expansion method (Kara and Unsal, 2022), tanh—coth

approach (Ananna et al., 2022), homogeneous balance method (Eslami and Mirzazadeh, 2014),
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exponential rational function method (Giinay et al., 2021), Darboux-Prelle-Singer methods (Duarte
and da Mota, 2021), sine-Gordon expansion method (Tuluce Demiray and Bayrakci, 2021a) have been
presented in the literature by some scientists.

(1+1) dimensional damped- Kraenkel-Manna-Merle (KMM) equation (Kraenkel et al., 2000; Kuetche
et al., 2014; Jin and Lin, 2020) is given as:

W, —Wv, +sw, =0,

1)

v, +ww, =0.

w=w(x,t)and v=v(x,t)represent magnetization and the external magnetic fields with respect to

the ferrite, whereas x and t are the displacement and time variables, respectively, while the parameter
S demonstrates the damping effect (Younas et al., 2022). Eq. (1) defines the nonlinear ultra-short
wave pulse motions in saturated ferromagnetic materials with an extermal field with zero-conductivity

(Younas et al., 2022). The damped-KMM system (s =0) was proved to be Painlevé property non-
integrable. Ignoring the damping effect (s=0), the damped-KMM system is converted into the
KMM system (Jin and Lin, 2020).

Ignoring the damping effect (s=0), a lot of solutions have been procured via inverse scattering

method (Tchokouansi et al., 2016), generalized G’/G-expansion method (Li and Ma,2018), bilinear
method (Si and Li, 2018), auxiliary equation method (Li and Ma, 2018), Hirota’s bilinear method
(Nguepjouo et al., 2014), and so on.

Generalized hyperelastic-rod wave equation is presented as (Akcagil et al., 2016; Goziikizil and
Akgagil, 2013),

W, =W, +aW, +2WW, +3gWw, —yw w, —Ww,, =0, )

where «, 3, ¢and y are constants and we assume that ¢ in nonzero. Eq. (2) is utilized to define finite

lenght, small amplitude radial deformation waves in cylindirical compressible hyper-elastic rods. Eq.

(2) also involves substantial physical models. For ﬂ:§,¢:0and 7 =2 it can be converted into

Camassa-Holm equation. For ﬂ:%,¢=0,a =1 and ¥ =3, it can be converted into Fornberg-

Whitham equation, Besides, for f=2,¢=0 and ¥ = 3, it can be converted into Degasperis-Procesi
equation (Akcagil et al., 2016; Goziikizil and Akgagil, 2013; Holden and Raynaud, 2007; Bendahmane
et al., 2006; Coclite et al., 2005).

Our purpose in this study is to obtain some new solutions of the KMM system and generalized

hyperelastic-rod wave equation using the generalized Kudryashov method (GKM) (Barman et al.,
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2021; Gurefe, 2020; Tuluce Demiray and Bayrakci, 2021b; Tuluce Demiray and Bayrakci, 2021c;
Bayrakci et al., 2022; Tuluce Demiray et al., 2022). The basics of GKM was first presented. Then, the
GKM was implemented to the recommended equations and some new soliton solutions were found by

using the Wolfram Mathematica 12 package program.

2. Material and Method
2.1. Structure of GKM

Let’s investigate the nonlinear partial differential equation as follow

S(W, W, W, W, , W,, W,,,...) =0, (3)

where W =w(X,t)is an unknown function, S is a polynomial of w(Xx,t)and its derivatives with

respectto X and t.

Step 1: The traveling wave solution is assumed as in the following equation,

w(x,t)=w(e), e=k(x—ct), @)

where k is the wave number and C is the velocity of the waves .

Using Eqg. (4), Eq. (3) is transformed into an ordinary differential equation:

T(w,w,w",w",..))=0, (5)

where T is a polynomial of W and its derivatives and superscripts indicate ordinary derivatives
accordingto & .

Step 2: Suppose that we imagine the solutions of Eq. (5) as Eqg. (6):

Z:;akzk(g) ) G[Z(e)]

w(e) = = , (6)
Zb|z'(8) H [Z(g)]
1=0
where Z is — . We must specify that Z is the solution to Eg. (7),
Z’ == Z2 - Z (7)

Using Eqg. (6), the following derivatives are obtained,
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’ GZH-GHZ' , G'H-GH' G'H-GH’
oSO o] g pfoe)
Lo, [(2Z-1)(GH-GH))
W"(g)z— 2_ | 9
H? |+ 22211 (G'H ~GH")~2HGH + 26 (H')’ | B
2 2
Where G’:d—G,H’:d—H,G”:d G H,,_d H

dz dz dz2 Cdz?’

Step 3: The solution of the nonlinear ordinary differential equation given by Eq. (5) is sought

according to the GKM as follows:

_aytaZ+azZi+.+a,Z"
b, +0,Z +b,Z% +...+b 2"

w(e) (10)

The homogeneous balance principle is used to find the values of m and n in Eq. (6). For this
purpose, a balance is established between the highest order derivative and the highest order nonlinear
term in Eq. (5).

Step 4: We put Eqg. (6) into Eq. (5). Thus we get a polynomial R(Z) of Z . Then equalizing the
overall coefficients of R(Z) to zero, we obtain an algebraic equation system. By solving the resulting
system, we designate K, C and the variable coefficients of a,,a,,a,,...,a,,b,,b,,b,,...,b, . Finally,

we can have the exact solutions of Eq. (5).

3. Results
3.1. Practice of GKM to the KMM Equation

To get some solutions of Eq. (1), we take into account the following equality:

w(x,t) =w(e), v(x,t) =v(e), e =k(x—ct), (k=0, c=0). (11)

Putting Eq. (11) into Eq. (1), we find the following equalities

—ck2W'(g) —kwv'(¢) =0, (12)
kw(e)W'(g) —ck?v"(g) = 0. (13)
Hence
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V(&) =—W(81\:’(8), (14)

is found. By integrating Eq. (14) with respect to &,

V()= ), (19)

is obtained. Here c, is the integration constant. If Eq. (15) is inserted into Eq. (12), ordinary

differential equation can be expressed in the following form

2ccokw(g)+ W (&) +2¢%k*w" () =0. (16)

If the integration constant of Eq. (15) is taken as zero and by integrating Eq. (15) with respect to &,

we get

+CoW( ). (17)

If the balance principle is applied between W* (¢) and W'(&) in Eq. (16), we get

n—-m+2=3n-3m=n=m+1. (18)

If we choose m=1and n=2, we get

_qtaZ+a,z’

M) = bz 19)
N 72 o @+238,Z)0,+bZ)-b(a, +aZ+a,Z°)
W(e)=(2"-2) (b, +b2) } (20)
) 72-7 ,
W'(e) = W(ZZ ~1)[ (8, +22,2)(b, +bZ) -by(a, +3,Z +2,2° ] .
(22 _2)2 2 2 2
+m[2a2 (b, +bZ)"—2b(a, +2a,Z)(b, +bZ)+2b°(a, +a,Z +a,Z )].
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Case 1:

. a . ia 2C
a, =-2ib,c,, & :—?2+4|boco, a,=a,, b,=h,, b :—ﬁ,k :TO' (22)
0

By placing Eq. (22) in Eq. (19), we get the dark soliton solutions of Eq. (1)

W, (X,t) = ~2ic, tanh [@} 23)
i (x—ct)c, | 4ict . 5| (x—ct)c,
v, (x,t) = -2ic; tanh{ - }+ 3ok tanh {—c : (24)

2D and 3D graphs of the solutions (23) and (24) are demonstrated with contour simulations in Figure 1
and Figure 2.

mfwy 050

2
10 —(,-7 Imiwy (x, 1)

Figure 1. 3D, contour plots of solution (23) for ¢ =—0.8,¢,=—-0.5,-25 < x < 25, values with
—4 <t <4 range and 2D plot of solution for t = 2 with these values.

Tintwy (x4,

Iy (x, t))

-06

Figure 2. 3D, contour plots of solution (24) for ¢ =—0.8,c,=-0.5,k =0.2, —25<x <25 values with
—4 <t <4 range and 2D plot of solution for t = 2 with these values.
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Case 2:
1. . .
aO=EIblC0, a1=_|b1C0’ a2=|blc0, bo:__! blzbl’ k=_—. (25)

By placing Eq. (25) in Eq. (19), we get the dark soliton solutions of Eq. (1)

iy et)e

w, (X, t) = —ic, coth % , (26)
o 1 B

v, (x,t)=-ic? coth_(x 2C;)°°_+E'3‘3( coths{(xz%}. 27)

2D and 3D graphs of the solutions (26) and (27) are demonstrated with contour simulations in Figure 3

and Figure 4.

—— Imivg (6, 1)
. 9

Figure 3. 3D, contour plots of solution (26) for ¢ =—0.75,¢, =2,-30 < x <30, values with —3<t<3
range and 2D plot of solution for t = 2.5 with these values.

= Irn(va(x, t}) .

X
1 20 a0

WlAS )]

Figure 4. 3D, contour plots of solution (27) for ¢ =—0.75,¢, =2,k =2,-30 < x <30, values with
—3 <1 <3 range and 2D plot of solution for t = 2.5 with these values.
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Case 3:

ia ia C
=0, a,=-a,, a,=a,, by=—2%, b=—""2, k=-"2.
a & =-3, 8=3a, b I, b, 2. . (28)

By placing Eq. (28) in Eqg. (19), we get the bright soliton solutions of Eq. (1)

W, (X,t) = -2ic, csch % : (29)
[(x—ct)c, | 4ic® —ct
v3(x,t)=—2ic§csch_(x ((:: )C°_+ ?;Icclz csch{%}. (30)

2D and 3D graphs of the solutions (29) and (30) are demonstrated with contour simulations in Figure 5

and Figure 6.
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Figure 5. 3D, contour plots of solution (29) for ¢ =—2,¢,=2.5,-35< x <35, valueswith —5<t<5
range and 2D plot of solution for t =1 with these values.
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Figure 6. 3D, contour plots of solution (30) for ¢ =—2,¢,=2.5,k = 0.4,-35 < X < 35, values with

0.00002

0.00001 -

Imivg(x, t))

-0.00001 -

-0.00002 -

—5<1 <5 range and 2D plot of solution for t =1 with these values.
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3.2. Practice of GKM to the Hyperelastic-Rod Wave Equation
To get some soliton solutions of Eq. (2), we take into account the following equality:
w(x,t)=w(e), &=x-ct.

Putting Eq. (31) into Eq. (2), we find the following

"

—CW +CW” + oW + 2 SWW + 3gW*W — yW'w’ —ww” = 0.

By integrating Eq. (32) with respect to & and taking the integration constant zero, we get

(—-C+a)w+ew"+ SW* + g’ —7/7_1(w’)2 —ww” =0.

If the balance principle is applied between w® and ww” in Eq. (33), we get

n—-m+n-m+2=3n-3m=>n=m+2.

If we choose m=1 and n=3, we get

a,+aZ+a,Z*+a,z°

wie) = b, +bZ

(a,+2a,Z +33,2°) (b, +0,Z )b, (3, +a,Z +a,2* +a,Z°)

W(e)=(2°-2) TRVaL

7.7
(b0+b12)2
(2-2)
(b, +bZ)’

W(e) =

(22-1) (3, +28,2 +3a2°) (b, +bZ)-by (3, +aZ +a,2" +aZ’) |

+ [(b0 +b12)2(2a2+6a32)—2b1(b0+b12)(a1+2a22 +?>&1322)+2b12 (a0+ajz +a,2° +a323)} .

Case 1:
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2(2+y)b, 2(2+7)(b,—by)

a0=0,a1=——,a2= ’b0:b07b1:bl’
¢ ¢ 38
2(2+7)by (-1+28-7)(2+7) )

=—"—,a=0,c=- .
¢ 64
By placing Eq. (38) in Eq. (35), we get the hyperbolic solution of Eq. (2)
2+y
W (x,t) =—

¢+ g cosh x+t(_1+2'86;7)(2+7)} (39)

2D and 3D graphs of the solution (39) is demonstrated with contour simulations in Figure 7.

i ] _ (1)

Figure 7. 3D, contour plots of solution (39) for ¥ =0.2,¢ =4, f=0.5,—25<x <25, values with
—5<1 <5 range and 2D plot of solution for t = 2 with these values.

Case 2:
by (3(2—+7) b, —\/3A
o d 1;521[)1 )’ A=J(4+38° 1" +28(2+7)) g0
ai:_24(2+]/)¢b0+3(—2+ﬂ—7/)¢b1+\/g\/(4+lg(4+3ﬁ)+Zﬂy_y2)¢2blz
12¢2 )
az:2(2+7/)¢(b°_b1),a3:2(2;7/)b1,b0:b0,b1:b1, )
_3(/32—(2+y)2—2ﬂ(3+y))¢b1+J§(4+ﬂ+3y)A
a= 24¢2b1 )
_(@r7)(247)+ B(5+7)) o+ V3 (1+7)A
) 12¢%, |
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By placing Eq. (40) in Eq. (35), we get the hyperbolic solution of Eq. (2)

W, (x,t)=

1 (6¢(6+ﬁ+3y+(—2+,B—7)cosh[x—ct])+Z )

244 1+ cosh[x —ct]

where y = 2/3A c _((1+7’)(2+7)_ﬁ1(25¢¥1’))¢b1+\/§(1+7)A.

2D and 3D graphs of the solution (41) is demonstrated in with contour simulations in Figure 8.

wa(x,t)

Figure 8. 3D, contour plots of solution (41) for ¥ =0.3,¢ =2, 8 =0.4,b, =2, —20 < X< 20, values with

—3 <t <3 range and 2D plot of solution for t =1 with these values.

Case 3:
a,=0,a =a,a,=a,, a,=-a,,b,=0,b, =— 92,
' 12 21 2170 ! 2(2+7)’
2(2+7)a (12(2+7)a; +6(1+y)aa, +ya;)
“= ? : 42)
¢a; (6a,+a,)
ﬂ:l 1+y+8(2+7)a1—2(_1+7)a1 ,C:(—2+y+y2)a1(4a1+a2).
2 a, 6a, +a, da, (6a, +a,)
By placing Eq. (42) in Eqg. (35), we get the bright soliton solution of Eq. (2)
1 t(—2+y+7/2)a1(4a1+a2)
1)=Ql 4 h?| Z| x— ’
w; (x,t) a, +a, sec LLX o (60 ) (43)
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(2+7/)

2d4a,

2D and 3D graphs of the solution (43) is demonstrated with contour simulations in Figure 9.

where Q = —

walnt) ) I \ |
‘ k
t

1412 ) \
|
|

0

114

Figure 9. 3D, contour plots of solution (43) for  =0.5,¢ = 3,8, = 2,8, = 3,-35 < X < 35, values with
—2 <t <2 range and 2D plot of solution for t =1.5 with these values.

4. Conclusion

In this study, GKM was applied to acquire solutions of Kraenkel-Manna-Merle (KMM) system and
generalized hyperelastic-rod wave equation. Thus, solutions of KMM system and generalized
hyperelastic-rod wave equation were procured such as dark soliton, bright soliton and hyperbolic
solutions. In addition, for some certain values, 3D and 2D graphical representations of these solutions
were given with contour simulations with the help of Wolfram Mathematica 12. As far as we know,
GKM has not been applied to KMM system and generalized hyperelastic-rod wave equation before. In

the light of the results, we deduce that GKM is an effective method in NLEES calculation.
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