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B-MAXIMAL OPERATORS ON THE VARIABLE LEBESGUE
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ABSTRACT. By using the L,)—boundedness of a maximal operator defined
on homogeneous space, it has been shown that the B—maximal operator is
bounded. In the present paper, we aim to bring a different approach to the
boundedness of the B—maximal operator generated by generalized translation
operator under a continuity assumption on p(-). It is noteworthy to mention
that our assumption is weaker than uniform Hélder continuity.

1. INTRODUCTION

Nowadays, there is a big attention on the singular integral operator and maximal
operators which are defined on variable Lebesgue spaces. The problem that such
operators are bounded under which conditions is well-studied and it is the main
topic of harmonic analysis. L,.)—boundedness of the Hardy-Littlewood maximal
operator and singular integral operators have been investigated in [155].

This study is dealing with the boundedness of maximal operator generated by
the Laplace-Bessel differential operator

i tL o2 02 4, 0
Ap 32232“‘!‘42 922 Bi:@—i_%aixi’ 1<k<mn,
i=1 i=k+1 g g
which has big importance in harmonic analysis. In [8], Guliyev has obtained the
L, —boundedness of the B—maximal operator. Moreover, in [6,[12], it has been
shown that the B—maximal operator is L.y ,—bounded by using the L.y~ bound-
edness of a maximal operator whose domain is a homogeneous space.

2020 Mathematics Subject Classification. Primary 42B25; Secondary 42A50, 42B35.
Keywords. Maximal operator, singular integrals, variable Lebesgue space.
Hesra.kaya@bilecik.edu.tr; “20000-0002-6971-0452.

©?2021 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

710



A DIFFERENT APPROACH TO BOUNDEDNESS OF THE M, ON LP(')"Y(RZHr) 711

In this study, we obtain that the B—maximal operator is bounded on the vari-
able Lebesgue spaces. Here, there are some difficulties while studying the theory
of variable Lebesgue spaces. One of them, the generalized translation operator
is in general not continuous on the spaces L.y .. Particularly, if p(-) is not con-
stant, then the generalized translation operator T is not continuous on the variable
Lebesgue spaces. But, it is still possible to overcome these difficulties by taking
some regularity conditions on this exponent function. In [7], it has been obtained
that the generalized translation operator on the spaces L.), is bounded. The
construction of the article is as follows: The first section is devoted to introduction.
In the second section, we recall some basic concepts, notations and some known re-
sults which we need throughout the paper. In the third section, we present that the
B—maximal operator on the spaces L.y is bounded under suitable assumptions
by a different approach.

2. PRELIMINARIES

Now, we pause to collect some basic concepts, notations and known results which
are beneficial for us.

Let z = (2/,2"), 2’ = (x1,...,2;) € R¥, and 2" = (zp41,...,2,) € R?7F,
Denote R} | = {z € R" : 21 > 0,...,25 > 0,1 <k < n}, v = (v, ),
1> 0,007 >0, [y =7 + ...+ g, and S = {z € R} , : [2| = 1}. Denote by
B, (z,r) the open ball of radius r centered at x, namely,

Bi(z,r) ={y € R}  : |z —y| <r}. Let BL(0,7) C R}, be a measurable set,
then

B0l = [ @) de = kot
B, (0,r)

n—=k k F (777;1)
where w(n, k,v) = "5 H ()
i=1 2

We will now introduce the spaces Ly 4 (RZ ) and recall the basic properties of
it. Let P(R} ;) be the set of all measurable functions p(-) : Ry , — [1,00]. The
elements of P(R} ) are called variable exponent functions and also let

p— :=ess inf p(x), P4 = ess sup p(x).
r€R2,+ T€RY |

Given p(-), the conjugate exponent function is as follows:

1 1
— 4+ ——=1, zeRy,.
p(z) = p'(z) ot

The analog of log-Holder continuity for variable Lebesgue spaces related to the
Laplace-Bessel differential operator is defined by the following.
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Definition 1. Given a function p(-) : R | — [1,00), p(-) is called log-Hélder
continuous on Ry , if there exist constants Cy,Coc > 0 and pe such that for all

1
|z —y| < 3 and z,y € R |

(o) = 20)] < 1)
and
Ce
p(z) — poo| < Tog(e 1 |2])’ (2)

where ps = zhﬁn;op(z) > 1. If (1) and (@) hold for p(-), then it is denoted by
p(-) € PPB(RE ), and p(-) € PRE(RY ), respectively.

Lemma 1. /7] Let p(-) : Ry , — [1,00) be continuous. The followings are equiva-
lent:

Co

_— o
|_1n|x e - fora <

(i) p(+) is uniformly continuous with |p(x) — p(y)
o —y| < 5.
(i) |B+|5~ """ < Oy holds for all open balls By .

The space L.y (R}, ) is known as the set of measurable functions f such that
for a variable exponent p(-) : R} | — [1, oc],

1y = E A > 05 py00, (F/X) <1} < o0,

where
o= [ @O
k,+

Note that the variable Lebesgue space Lp(.)ﬁ(R}; ) is a Banach space for 1 <p_ <

p(z) < py < oo
The definition of the generalized translation operator is as follows:

TVf(x 'yk/ / Flany)ans - @k Yk a2 — "] dy(e),
where C,, j, = 71~ 21"(7 A1) T @iy yi)a, = (27 =225y cosa;+y2)z,1<i<k,
k
1 <k <n, and dy(a Hbm% a; de; [13L/14]. Notice that the generalized
i=1

translation operator is related to the Laplace-Bessel differential operator.
The definition of the B—convolution operator is as follows:

(fog)(z)= F)TYg(z)(y') dy.

Ry +
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Given a function f € Llf’fy(RZ ), then the maximal operator associated with the
Laplace-Bessel differential operator (B—maximal operator) (see [8]) is as follows:

M, f(z) = sup | B, (0,r)|" / V| £(2)|(y/)dy.
r>0 B+(0’T)

Let By € Ry, be an arbitrary ball and f € Lllofy(RZ +), then define

Mp f = (B0 [ T )y,
By
By taking supremum over all balls centered at x, one can easily observe that

M, f:= sup M, B, (s)f
By (z)

As mentioned earlier, the variable Lebesgue spaces Ly (R} | ) have some un-
desired properties about the generalized translation operator. In order to overcome
this problem, it is necessary to give some smoothness conditions on p(-). The fol-
lowing theorem states the necessary condition for the boundedness of generalized
translation operator.

Theorem 1. [7] Let p(-) € P8(R} ) with 1 < p_ < py < co. Then for all
feLpy,(RE )NSL(RE ) with supp Fpf C {€ e Ry | :[¢] < 2"}, v € Ny,

ITY f(@)lp(y,y < cexp (242" [y])crog (P)) 1 fllp(),v0
holds, where ¢ > 0 is independent of v.

3. MAIN RESULTS

This section is devoted to our main results. First of all we obtain some lemmas
which we need to prove that the B—maximal operator is bounded on variable
Lebesgue spaces.

Lemma 2. Letp(-) € R} | be as in Lemma . Then there exists a positive constant
C(p,v) > 0 such that

p(z)

(M, f(z))— < C(p,7) (Mv(f|z;’())(x)+1), forall xeRy .,

holds for all || f|lpc.),y <

1.
Proof. Define g(-) := w, then ¢(-) is also as in Lemma Let || fllp(),y <1, then
p

} 1
Py (f) < 1. By Theorem for r > o0 We get

q(z)
(M, f)1®) = <B+|§l/ Tylf(w)l(y')”dy>
By
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q(x)
-1 L oy 2)[PW) (/)Y 1 Y
B, /B (p(y)T F@P ) + s ) )dy>

q(x)
<B+|;1 /B @Tﬂlf(acnmwy'ww|B+|;1 /B p,(ly) <y'>7dy>
< <B+|f /B Y| () P (o' + | By | /

q(z)
(y’)”dy>
By

q(x)
B, /B @) P (y Yy + | By / <y/>7dy>

By
q(z)
|B+15 1/3 (If($)|”(y)+1)(y')”dy>

= (|B+|;1pp();y(f) + ]‘)q(m)

1 . 9+
< (1m0, 1)

1
If0 <7<, then [Byl, < (2r)"*thl < 1, and

a(z)
(M, £)1™) = <B+|71/ Tyf(l‘)l(y’)”dy>
B

a1 1 q4(z)
|B+|»Y Tylf( )q(y’)”dy> <|B+|yl/B (y')”dy> ]

a(z)

IN

a(z)
q_

(Bw TV f(x |q<y'>wy> .
(Bw e |q<y><y'>wy>

q(z)

< <|B+§1/B (T¥]f (2)|*® +1)(y')”dy>
a(z)

_a(=z) 1 q_
< Byl 3w <3 [ @is@i i)
By
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Since,
;/B+ (TY| f(2)|9%) + 1) (/) dy < ;/B+ (TY|f(2)P@) +2)(y/ ) dy

1 2
<5 [ TU@POE B, <1,
3 /. 3

and from Lemma [T we obtain

-4 1 2
(M, )" < B, "= 3% (3/3 TV f () |19 (3 )V dy + 3B+|7>
+

a(z)

<|Byly 7 |Byl,3% ! (/ Tylf($)|qw)(y’)”dy+2>
By

49— —94
<IB. " s | @y 2
B+

< Co 34 LM, (| f]7™) + 2).

If one takes supremum over all balls B, then the proof is completed. O

Lemma 3. Let p(-) € Ry , be as in Lemma I and be constant outside some ball
B, (0,r). Then there exist a constant C(p,~y) > 0, and
h € L1,coy(RE 1) N Loo o (RE 1) such that

p(z)

(01N < ) 21, (19157 ) @) 4 ) for a o € R
holds for all || f|lpc),y < 1.

Proof. Define ¢(+) := Zﬁ, and qo = pﬁ, then ¢(-) satisfies the equivalent condi-

tions of Lemma LetinHp(_),7 <1, then Pp(),-(f) < 1. Split f = fo + fi such
that fo := xp, f, and fi = XRZ+\B+JC' Thus, for all x € B4 (0, 2r),

(Mo f ()" < Cg,7) (M (I£190)) +1). 3)

1
Now let z € R | \B1(0,2r). Then |z|—r > |z|, and | By (z,|z|-7)|, > C ||,
Since suppfo C By (x,r), and from Theorem |1} we get

|z|—r<r

q(z)
(M fo())") << O )Ty|fo<x>|<y'>wy)

q(z)
< <|B+(x, IfCI—T)Hl/B( )Tylf($)|(y’)'*dy>



716 E. KAYA

q(x)
<Cx| n=hi /B ( )T”If(w)l(y’)”dy>

q(x)
Cxwﬂﬂ@()mmmww>
+(x,r

q(z)
< (CII"'”'/B( )(If(x)l”(y“rl)(y’)”dy)

A

q(z)
< (Clal™ 1 p,004()

< Clg, )l "1 (4)
Moreover, for x € R}, , \B(0,2r),

q(z)
(M, f1(2))"™) = (j{n \B (OQ)ITyfl(x)(y’)”dy>

qoo
< (;K |Iqum><yvvdy>
Ry, \B4(0,2r)

< 74 Y|y (2) 7= (') dy
+\B+(0,2)
< 74 Y|y (2) |7 (3 )y
RE +\B+(0 2r)
< M (|119) (). (5)

By (B), (@) and (B, we obtain

(M f (@)™ < Xp, 0.20) (Mo F (@)™ + Xpp \5, (0.20) (Mo fo(@) + M, f ()"
< Xp, 020 M F@)™ + Cla9)xap 502y (Mo fo(@) ) + (M f1(2)")
<Clgy)M <m“xm+x&mmcmw

q(z)
+ sup y') ' dy
z€RY  \B1(0,2r) JRY \B(0,2r)

< Clq,v) My (| f]7C )) 35) + X8, (02rC(0:7) + XREY+\B+(0,2T)C<Q7 ) |z,
=:h

for all z € R} . The fact that h € L1,c04(R} ) N Loo (R} | ) proves the lemma.
|

I
V(@

Now we can present our main theorem.
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Theorem 2. Let p(-) be as in Lemma [3 with p_ > 1. Then M., is bounded on
Lp(.)ﬁ(RZ’Jr), i.e.

||M.Ypr(.);y < C(pa 'Y) Hf“p(')ﬁ'

Proof. Since M, (A\f) = [|A|[M f, we have || M fl,y, < C, for all ||f]|yc),y < 1
Since py < oo, it is sufficient to illustrate pp()W(M f) < C for all [[f]lpy,y <
1. Let f € Ly, with [[fllp), < 1. Then p,.y ,(M,f) < 1. Moreover, let
q(-) = p(: )/p, By Lemma |3| there exists h € L, ocw(RZ ) N Loo (R ) such
that (M, £)10) < C(p,v) My(]f]90)) + h. Thus,

a0 ) = [ M PO

Ry

p(x)
- / <sup / Ty|f<x>|<y’>wy> («/)'do
Z,+ By /By
q(x)p—
- / <sup / Tylf(x)l(y’)”dy> (2')da
RZHr By JBy

q(z)\ P-
- / . (Sgp /B Ty|f<x>|<y'>vdy> @) ds
- /Rn (|M7f|q(w))p7 (') dx

T
pP—Y

P
; ||h||p,w)

holds and since p_ > 1, one can see that the B—maximal operator M, f is contin-
uous on L, ~(Ry ). Therefore, we obtain that

p—
Poyr M) < (COA) ISy + [l )
= (CN) Py ()7 + D) < Clo),

and this completes the proof. ([l

< (cton Jar, 01|

—

4. CONCLUDING REMARKS

The Hardy-Littlewood maximal operators, singular integral operators, rough in-
tegral operator, its commutators and their boundedness on the various function
spaces are crucial topics of Harmonic Analysis. In this study, we have shown that



718 E. KAYA

the B—maximal operator on the variable Lebesgue spaces is bounded under suit-
able assumptions by a different approach. The boundedness of this operator plays a
significant role in order to obtain the boundedness of the singular integral operator,
fractional integral operator and its commutators. The fractional versions of these
operators have recently become an active area of research (see [9H11L15[16]). As a
future direction of this study, one might extend to the case that the Laplace-Bessel
differential operators with coefficient such as a(x) that could be continuous or Van-
ishing Mean Oscillation functions.
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