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ABSTRACT. In the present paper, we extend the Zamfirescu results ( [9]) to A-metric spaces. Firstly, we define the
notion of Zamfirescu mapping in A-metric spaces. After, we also obtain a fixed point theorem for such mappings.
The established results carry some well-known results from the literature (see [2, 3, 5,9]) to A-metric spaces. An
appropriate example is also given.
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1. INTRODUCTION AND PRELIMINARIES

Zamfirescu’s fixed point theorem is one of the most important extensions of Banach contraction principle. In 1972,
Zamfirescu [9] obtained the following a very interesting fixed point theorem.

Theorem 1.1. Let (U, d) be a complete metric space and let T : U — U be a mapping for which there exists the real
numbers a,b and c satisfying a € (0,1); b,c € (0, %) such that for each pair u,v € U, at least one of the following
conditions holds:

(Zy) d(Tu, Tv) < ad(u,v);

(Zy)d(Tu, Tv) < bdu, Tu) + d(v,Tv];

(Z3) d(Tu, Tv) < cldu,Tv) + d(v,Tu].

Then T has a unique fixed point u* and the Picard iteration {u,} defined by u,,1 = Tu, converges to u* for any
arbitrary fixed uy € U.

An operator T satisfying the contractive conditions (Z;),(Z,) and (Z3) in the above theorem is called Zamfirescu
mapping. Zamfirescu’s theorem is a generalization of Banach’s, Kannan’s and Chatterjea’s fixed point theorems (see
[2,3,5]). Many researchers studied to obtain new classes of contraction mappings in different metric spaces. Some of
them are D*-metric space (see [8]), G-metric space (see [6]), S -metric space (see [7]), A-metric space (see [1]), etc., as
a generalization of the usual metric space. These generalizations helped the development of fixed point theory.

In 2006, Mustafa and Sims [6] introduced the notion of G-metric space. After, Sedghi et al. [7] defined the concept
of D*-metric and S -metric spaces. Also, they proved some fixed point theorems in such spaces. Every G-metric space
is a D*-metric space and every D*-metric space is an S -metric space. That is, S -metric space is a generalization of the
G-metric space and the D*-metric space.

In 2015, Abbas et al. [1] introduced the concept of an A-metric space as follows:
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Definition 1.2. Let U be nonempty set. Suppose a mapping A : U" — R satisfies the following conditions:
(Al) A(uls Up, ..oy Up—1, M[) >0 5
(A2) A(uy, upy sty u;)) = Oifand only if uy = up = ... = umy = u,,
(A3) A(Ml, Uy ooy U1, ut) < A(“l? Uy ..o (ul)t—la V)+A(M2, uz, ..., (u2)t—l’ V)+...+A(Mt_1, Ut—15 ey (ul‘—l)t—la V)+A(M[, Uty ooes (ut)t—l» V)’
for any u;,ve U, (i = 1,2, ..., ). Then, (U, A) is said to be an A-metric space.
It is clear that the an A-metric space for r = 2 reduces to ordinary metric d and an A-metric space for ¢t = 3 reduces to
S -metric spaces. So, an A-metric space is a generalization of the G-metric space, the D*-metric space and the S -metric
space.

Example 1.3 ([1]). Let U = R. Define a function A : U" — R by
Aur,uz, gty ) - = uy —un| + |uy —us| + oo+ luy — uy

+us — uz| + lup — ug| + ... + |up — uy

+ i — wpq| + i — gl + | — uy
!
= Z |M,' - Mj' .
i=1 i<

Then (U, A) is an A-metric space.

In 2017, Fernandez et al. [4] introduced the generalized Lipschitz mapping, Chatterjea’s and Kannan’s mappings in
an A-cone metric space over Banach algebra. Also, they proved some fixed point theorems for the above mappings in
complete A-cone metric space (U, A) over Banach algebra.

Next, we state the following useful lemmas and definition.

Lemma 1.4 ([1]). Let (U, A) be an A-metric space. Then A (u,u,...,u,v) = AW,v,...,v,u) forallu,v € U.

Lemma 1.5 ([1]). Let (U, A) be an A-metric space. Then forallu,v,z € U we have A (u,u, ..., u,z) < (t — DA, u,...,u,v)+
Az, z,...,zv)and A(u,u, ..., u,2) <t — DA, u,...,u,v) +AW,v,...,v,2).
Definition 1.6 ([1]). Let (U, A) be an A-metric space.

(1) A sequence {u,} in U is said to converge to a point u € U if A (uy, Uy, ..., Uy, u) = 0asn — oo,

(i1) A sequence {u,} in U is called a Cauchy sequence if A (u, Uy, . . ., Uy, ) = 0 as n,m — oo,

(iii) The A-metric space (U, A) is said to be complete if every Cauchy sequence in U is convergent.

2. MAIN REsuLrs

In this section, following the ideas of Zamfirescu [9] we first introduce the notion of Zamfirescu mappings in A-metric
space as follows:

Definition 2.1. Let (U, A) be an A-metric space and let 7 : U — U be a mapping. T is called a A-Zamfirescu mapping
(AZ mapping), if and only if, there are real numbers, 0 < a < 1,0 < b,c < } such that for all u, v € U, at least one of
the next conditions is true:
(AZ)A(Tu,Tu,...,Tu,Tv) <aA(u,u,...,u,v),

(AZ)A(Tu,Tu,...,Tu,Tv) <b[A(Tu,Tu,...,Tu,u)+ATv,Tv,...,Tv,v)],

(AZ3))A(Tu,Tu,...,Tu, Tv) <clA(Tu,Tu,...,Tu,v)+A(Tv,Tv,...,Tv,u)].
It is clear that if we take ¢ = 2 in the Definition 2.1, we obtain the definition of Zamfirescu [9] in ordinary metric space.
Before giving the our main result in A-metric space, we need the following significant lemma.

Lemma 2.2. Let (U, A) be an A-metric space and let T : U — U be a mapping. If T is a AZ mapping, then there is
0 <6 < 1 such that
A(Tu,Tu,...,Tu,Tv) <6A(u,u,...,u,v)+t6A(Tu,Tu,...,Tu,u)
and
A(Tu,Tu,...,Tu,Tv) <0A(u,u,...,u,v)+t6A(Tv,Tv,...,Tv,u)
forallu,v e U.



L. Yildirim, Turk. J. Math. Comput. Sci., 13(1)(2021), 221-225 223

Proof. Let’s assume that (A7) is hold. From Lemma 1.5, we have

A(Tu,Tu,...,Tu,Tv)y < b[A(Tu,Tu,...,Tu,u)+A(Tv,Tv,...,Tv,v)]

b A(Tu,Tu,...,Tu,u)y+ (t—-1DATv,Tv,...,Tv,Tu)
- +A(Tu,Tu,...,Tu,v)

< b[A(Tu,Tu,...,Tu,u)+ (- 1DATv,Tv,...,Tv,Tu)
+(t—-1)A(Tu,Tu,...,Tu,u)+A(u,u,...,u,v)].
Thus,
1-b(t-1)ATu,Tu,...,Tu,Tv) <thbA(Tu,Tu,...,Tu,u)+ bA(u,u,...,u,v).
From the fact that 0 < b < 1, we get
A(Tu,Tu,...,Tu,Tv) < #A(u, Uy...,U,V)+ LA(TM, Tu,...,Tu,u).

1-b@-1) 1-b@-1)

Assume that (AZ3) is hold. From Lemmas 1.4 and 1.5, similarly we get

A(Tu,Tu,...,Tu,Tv) < c[A(Tu,Tu,...,Tu,v)+ATv,Tv,...,Tv,u)]

c A(Tu,Tu,...,Tu,v)+(t—-1)ATv,Tv,...,Tv,Tu)
+A(Tu,Tu,...,Tu,u)

< cl[A(Tu,Tu,...,Tu,v)+@t—-1)ATv,Tv,...,Tv,Tu)
+(t-1)ATu,Tu,...,Tu,v)+AW,v,...,v,u)].

<

Thus,
A1=-c@-1)ATu,Tu,...,Tu, Tv) < tcA(Tu,Tu,...,Tu,v) + cA(u,u,...,u,v).
From the fact that 0 < ¢ < % we get
11
A(Tu,Tu,...,Tu,Tv) < ﬁA(u, U,...,U,v)+ Ti‘—l)A(Tu’ Tu,...,Tu,v).
Therefore, denoting by

5 b c

= max1a, ) )
1-b6@-1)1-c@-1)

we have that 0 < § < 1. Thus, the following inequalities hold:

A(Tu,Tu,...,Tu,Tv) < 6A(u,u,...,u,v)+t6A(Tu,Tu,...,Tu,u) 2.1
and

A(Tu,Tu,...,Tu,Tv) < 0A(u,u,...,u,v)+t6A(Tv,Tv,...,Tv,u) 2.2)
forall u,ve U. m]

Theorem 2.3. Let (U, A) be a complete A-metric space and let T : U — U be an AZ mapping. Then U has a unique
fixed point and Picard iteration process {u,} defined by u,., = Tu, converges to a fixed point of T.

Proof. Let uy € U be arbitrary and {u,,} be the Picard iteration as u,.; = Tu,.
If we take u = u, and v = u,_; at the inequality (2.2), we obtain that

A(un+1’un+1?""un+l?u}1) = A(Tun’ Tu,,,...,Tu,,,Tun,l)
< OA (Up, Uy, oy Uy, Uy 1) + 1OA (U, Uy, . . . Uy, Uy) .

From above the inequality, we get

A(Mn+1,un+1,...,un+1, un) S 6A (uny Upy ooy Up, un—l)
2
< 9 A(un—la Up—15...,Up-1, un—Z)
< 6”A(M1,M1,...,M1,M())

= 8"A(uo, ug, ..., up,ur).
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Let m > n. Using Lemma 1.5 and the above inequality, we get

AWUpy Uy .oy, tyy) < (0= 1)0A (W Uy o ooy Uy Upi1) + A (U1 Upa1s - v o s Unil, Up)

< (=1 0A Wty .ty tpy) + (= DA Wng1, Unsts oo Unsls Uns2)
+A (Ups2, Uns2, - - - s Uns2s Unm)

< (=1 0A sty .y Upy Ups1) + (= 1D A Una1, Uns1s -« o Unsl > Uns2)
+ooo (= DA (W2, U2y« + oy U2, Upy—1)
FA (U1, Um—1» -+ + s Up—1, Upy)

= (-1 [(YlA (ug, ug, ..., ug, uy) + 6"+'A(u0,u0, e Ugs UY)
+.e- +(5m_2A(u0,uo,...,uo,u1)] + 6™ A (ug, ug, . . ., ug, uy)

= (1= 1)8"A (o, U, .., tg, u) [1 +6+ 06> + -+ 8" "2
+0" YA (ug, uo, . .., uo, uy)

< (t-1)6"A(ug, up,...,uy,ur) 1 _m(s + 8" VA (ug, ug, - - ., ug, uy)

m+n

1-6

(t-1) +6’"—1]A(uo,uo,...,uo,ul).
We know that 0 < ¢ < 1 from Lemma 2.2. Suppose that A (ug, uo, . . . , ug, u1) > 0. If we take limit as m,n — oo in
above inequality we get

Iim A (u,, ..., Uy, ) = 0.

n,m— oo

Therefore {u,} is a Cauchy sequence in U. Also, assume that A (ug, uo, ..., ug, u;) = 0, then A (up,, ty, .. ., Uy, Uy,) = 0
for all m > n and {u,} is a Cauchy sequence in U. Since (U, A) is a complete metric space, u, — u* € U asn — oo.
We show that u* is a fixed point of 7. From (2.1), we have

IA

A(Tu*,Tu*,...,Tu",u") t-DATu,Tu*,...,Tu*,Tu,) +A(Tu,, Tu,,, ..., Tu,, u")
= 1D[6A @ u*,...,u" uy) +t6A W u",...,u",Tu,)]

+A (Ups1, Units - - Unst, 1Y)

= D[6A @ u*,...,u" uy) + t6A W, u”, ... u", upr1)]

*
+A (un+1’un+l9- sy Uy, U )

IA

If we take limit for n — oo in above inequality, we obtain that Tu* = u*. That is, u* is a fixed point of the mapping 7.
Now, we show that the uniqueness of fixed point of 7. Assume that u* and v* are fixed point of 7. That is, Tu* = u*

and 7v* = v*. From (2.1), we have
AW ut,...,u", v A(Tu ,Tu*,...,Tu",Tv")

< SAW,u,...,u V) +0A(Tu", Tu,...,Tu",u").

Thus,

AW u*,. .., u" v <SAW ,u,...,u",v).
This implies that A (", u”,...,u*,v*) = 0 = u* = v* and hence, T has a unique fixed point in U. ]

Remark 2.4. Putting = 2 in Theorem 2.3, we obtain the Theorem 1.1. Hence, Theorem 2.3 is a generalization of
Theorem 1.1 of Zamfirescu [9] in A-metric space.

Example 2.5. Let U = R. Define a function A : U’ — [0, o) by

11

A, 1, st ) = D7) i = u

i=1 i<j

forallu; e U, i =1,2,...,t. Then (U, A) is complete A-metric space.
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If wedefine7T : U - Uby Tu= %, then T satisfy the conditions of Theorem 2.3. Forallu; e U, i =1,2,...,t,

2u1 2u2 ZM;_l 214,
A(Tuy,Tuy,...;Tu,y, T = A(—, = S
( uy, 1 Uy, Ur—1 uf) ( 7 7 7 7 )

2t = 1]+ 2y = sl o+ 2ty = 1]
= 7 up U 7 751 us 7 up Uy

F=|up —uz|+ - \up —ug|+ ...+ - (U — u
7 2 3 7 2 4 7 2 t

2 2 2
+7 |otr—o — 1| + 7 2 — u| + 7 1 — uy]

= 23 S -

i=1 i<j
= §A(u1,u29-“’ ut—lsut)

where % € [0, 1). This implies that 7" is a AZ mapping. And u = 0 is the unique fixed point of 7 in U as asserted by
Theorem 2.3.
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