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Highlights
» We determine the characterization of the Bertrand curve in Finslerian 3-space.
» We produced new Bertrand curves from Finslerian spherical curves.
» We exemplified our results using the Randers metric.

Article Info Abstract

In this study, we give the linear condition for the Bertrand curve of a given curve in Finslerian 3-
Received: 20/08/2019 space. Using the Izumiya and Takeuchi’s paper as an inspiration, Bertrand curves of Finslerian
Accepted: 03/04/2020 spherical curves are defined according to Randers metric which is a special Finslerian metric.

Also, we obtain the Finsler helix derived from the Finslerian circle according to Randers metric

and their visualizations are given by using the Mathematica program.
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1. INTRODUCTION

In 1917, Paul Finsler introduced the curves and surfaces by using the minkowski norm instead of inner
product in doctoral thesis after him called Finsler geometry. The author defines Finsler geometry as the
natural generalization of the Riemannian geometry. Therefore, this geometry includes the Riemannian
metric. Finsler geometry is an important system which use in thermodynamics, optics, ecology, evolution,
biology, etc. For example, the Finsler distance on this structure corresponds to the phase of an optical
waveguide. Also, Finsler geometry appears in field theory and particle physics. Besides, it has an
extraordinary research field in geometry, biology, physics, engineering, and computer sciences [1-5]. Ergiit
et al. studied AW (k) — type curves in three dimensional Finsler manifold in [6]. Remizov [7] investigated
the singularities of geodesics flows in two-dimensional Finsler space. Yildirim et al. defined the helices in
Finsler space and give some characterizations of these curves in [8, 9].

G. Randers in 1941 first introduced the Randers metric that is outlined as a special Finsler metric in [10].
Randers metric is composed of two parts: an Euclidean norm on a vector space R™ and S(x) = b;(x)y* be
a linear form on R™. Randers spaces must be required to have Riemannian norm strictly smaller than 1

everywhere, i.e., [|IBll, := /aifbibj <1

Bertrand curve is first expressed by J. Bertrand in 1850 in [11]. A curve is called as a Bertrand mate of the
other curve if its principal normal vector is normal to other curve. The curvature and torsion of the Bertrand
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curve is satisfied the linear combination ax + bt = 1 such a,b constants. Then, lzumiya and Takeuchi
[12] found a new method for the generation of Bertrand curve. They obtained a new Bertrand curve from a
given spherical curve in Euclidean 3-space. Babaarslan [13] showed that Bertrand curves can be constructed
from unit speed curves on Euclidean 2-sphere S2. Also, he gave a relation between Bertrand curves and
helices.

In this paper, we examine the characterization of the Bertrand curves in Finsler space. Then, we find the
Bertrand curves derived from curves on the indicatrix surface which is sphere of Finsler space. Also, we
visualized an example using the Randers metric which is a special Finslerian metric.

2. PRELIMINARIES
In this section, we give the main geometric objects necessary for the study of Finsler geometry.

Definition 1. Let M’ be non-empty open submanifold of TM such that m(M") = M and 8(M) n M' = ¢,
where 6 is a zero section of TM. It is given a smooth function F: TM — (0, ). Then suppose that any

coordinate system {(U’,®"); x',y'} in M’, the following conditions are fulfilled:
(Fq) F is positively homogeneous of degree one, that is, F(1X) = AF(X) for all positive 4 > 0, and
X € TM or in the coordinate system, we have
F(Oxl,..x™ Ayl ., Ay™) = AF(xL, ... x™, v, ., ™),
forany (x,y) € ®'(U") andany 1 > 0.
(F3) For any nonzero V € T, M , the following quadratic form g, on T,M

gv  TLMXT,M— R,

2

T 20sot

g X, Y) =X, Y), : [F2(V + sX + tY)]|s=¢=0
is a positive definite quadratic form on R™ and using the canonical coordinates

(x,y) = (x1,...,x™ y1,...,y™) on TM, the coefficients of the metric g can be stated as follows

ZFZ

9ij(x,y) ZEW(X’},) , L,j €{1,...,m}.

The triple F™ = (M, M',F) with F satisfying (F{) and (F,) is a Finsler manifold and F is called the
fundamental function of F™.

Let F™*1 = (M,M’,F) be a Finsler manifold and F! = (c,c’,F;) be a one dimensional Finsler
submanifold of F™*1, Here, ¢ isasmoothcurvein M and ¢’ is the tangent bundle of the curve ¢ in
M'. The curve ¢ has the following representation

xt=xi(s): i€{1,2,....,m+1}, s€(ab)
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where (s,v) denoted by the coordinates on ¢’ and s is the arc length parameter of the curve c. Let (s, v)

. a 0 o . - . .
be local coordinates and {i’ﬁ} be a natural frame on ¢’ where 5, isaunit Finslerian vector field. The

vertical covariant derivative of the tangent vector % of the curve ¢ thatis g (i,a%) = 1. The following

v
equalities are given

9 dxl 9 dx' 9 9 dx' d

3s dsoxi Vst oyl ™ v ds oyt

These imply following equation
i _ dxt .
yi(s,v) = v, L€ {0,...,m},

d . ,
where {— is the natural frame on c.

as'a_v}

A Finsler vector field X on F™*1 along ¢’ is projectable on c . Then, it can be expressed as follows:

, ; ) ,
X(x(s),vx (s)) = X'(s) O_y‘ (x(s), vx'(s)) @)

atany point (x(s), vx'(s)) € c¢'. From here, a vector field X* on ¢ denoted by the following formula

X*(x(s)) = X'(8) oz (x(5)). )

Thus, the vector field X*(x(s)) considered as the projection of the Finsler vector X(x(s), vx'(s)) on the
tangent bundle TM of M at x(s) € c (see for details [3]). The covariant derivatives according to Cartan

connection of any projectable Finsler vector field X in the direction of (;iv vanish identically on ¢,

(ViX)(x(s),vx'(s)) =0,5 € (—¢,¢&) and 3

and

(4)

\Y% =0

9]
5 —
v v
enable us to express that the vertical covariant derivatives along ¢ with respect to Cartan connection don't
give any Frenet frame for c. So, that the non-linear connection Hc' on F! by the canonical non-linear
connection GM' of F™*1 is locally spanned by %. The Cartan connection is the best choice for studying

the geometry of curves in a Finsler manifold. The Cartan derivative of the vector field aa_v is obtained as
folows:
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L9 (dk o\ 9
Vojos 3, =\ 75z +26°(5) ayF

P gil 92F2 m JF2 i -1
where G _T{axmay‘y —oyrjand g = (g5)

Let ¢ = c(s) be asmooth curve in F3 and s be an arc length parameter of the curve c. Suppose that
the moving Frenet frame along the curve ¢ denoted by {T := :—U, N, B} inthe Finslerian 3 —space. Then,
the Frenet formulas of the curve ¢ are given by

V5 T(s) =k(s)N(s),
s

Va N(s) = —k()T(s) + 7(s)B(s), (5)
as

VaB(s) = —1(s)N(s),

where the Frenet vectors N (s) and B(s) are Finslerian principal normal and binormal vectors of the curve
c, respectively. The Finslerian curvature and torsion of the curve c are defined by

1
k(s) = {gij(s)(c™(s) + 26 () (c/ (s) + 267 (s)}?,

* i aN} k j
() = =g\ Vo N.B |(8) = —gy()B () 5= + N (5)Si(s)

ds
[3].
3. BERTRAND CURVES IN FINSLER 3-MANIFOLD

Definition 2. [11] Let c(s) and c*(s*) be unit speed curves in 3 — dimensional Finsler manifold F3 =
(M, M, F). These curves are called the Bertrand curve pair, if there is a relationship in which the principal
normals of these curves are parallel to each other at the opposite points.

e(s) c'(s7)

Figure 1. Bertrand curves c(s) and c*(s™)

From the Figure 1, the relationship between the curves ¢ and c* is given by

c*(s*) = c(s) + A(s)N(s).
and using Equation (5), we can calculate

Voc'(s) = (1= AS)k(sNT(s) + (Vo A(S)HN(s) + A(s)T(s)B(s)
ds ds
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and since the tangent vector ai* of ¢* and the principal normal vector of ¢ are orthogonal then it is

calculated that A is a constant. Take into account the constant A, the Frenet vectors of the curve ¢* is
obtained in terms of Frenet vectors of the curve c as follows:
1
T (s") = ((1 = k()T (s) + At(s)B(s)),
V(1 = 2k(s)?) + (A(s)T(5))?

N*(s*) = N(s),

B*(s*) = T"(s*) x N*(s"),

where ds* = \/((1 — A(5))?) + (A(s)T(s))?%ds.

Definition 3. [14] In Finsler space, F* = (M, M, F) angle a usually means the angle of the two vectors
¢(p,y) and n(p,y) of V. TM . The cosine of the angle a is defined by

cos o = Ju@NE@YMEY)
F($F ()

Theorem 1. Let ¢ :=c(s) and c¢* := c*(s*) be curves with non-zero curvatures in the 3 —dimensional
Finsler space. Then, c* is the Bertrand mate of the curve ¢ if and only if the curvature and torsion of the
curve ¢ provides the linear relation

ck(s) +ct(s) =1 (6)

where ¢; = A, ¢, = Acot @ are constants and 8 is angle between tangent vector fields of the curves ¢ and
1
c*. The curvatures of the curve ¢ are defined by k(s) = {g;;(s)(c"(s) + 2G'(s))(c 7 (s) + 2G' (s)}?
. aNJ i
and 7(s) = —g;;(s)B'(s) {K + Nk(s)S,{ (s)}.

Proof. Let ¢ and c* be Bertrand mate curves in 3 — dimensional Finsler space. If cosine of the angle
g(T(s).T*(s7)
F(T($)F(T*(s*))’

T*(s*) = cos O T(s) + sin 6 B(s). (7)

between their tangent vectors T(s) and T*(s*) is cos 8 = then we can write

Differentiating Equation (7) with respect to s and using the Frenet formulas in Equation (5), we get

VaT*(s") = — <V*29> sin@ T(s) + (k(s) cos 8 — t(s) sinB)N(s) + (V"g@) cos 6 B(s).

ds ds ds

Since g(N*(s*),T(s)) = 0, we obtain that the angle € is a constant. Since it can be written the tangent
vector field of the curve c¢* interms of Frenet frame vectors of the curve c as follows:

T*(s*) = 7 {(1 = ()T (s) + At(s)B(s)}.

Considering the last equation and Equation (7), the following ratio is obtained
1-Ak(s) _ At(s)

cos @ sin@’

The last equality gives desired result for some constants c; = A and ¢, = A cot 6.

1
(1-2AK(s))%2+(At(s))?
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Conversely, we assume that c(s) is a smooth curves in F? and the equality Ak(s) + AcotO1(s) =1 is
satisfied for some constants A and 6. The curve c* is defined by

c*(s*) = c(s) + AN(s).
From the last equality, the principal normal vector field N* of the curve c¢* is equal to the principal normal
vector field N of the curve c,i.e. N* = N. So, the curve c¢* is the Bertrand curve of the curve c.
4. CONSTRUCTION OF BERTRAND CURVES IN FINSLER 3-SPACE

In this section, we will first define the indicatrix hypersurface in Finsler manifold. Then, we will define the
Darboux frame for the curves that lie on the indicatrix surface. We will build the Bertrand curve from the
Finsler spherical curves by using Izumiya and Takeuchi’s method. Finally, we will construct Bertrand
curves using the Finslerian spherical images of a given curve in Finsler space.

Definition 4. [14] In the Finsler manifold F™* = (M, M’,F) , the indicatrix hypersurface which plays
the role of the Euclidean unit sphere S™~1 € E™ is defined by

I(py) = {y € Ty, MIF (po,y) = 1}, (8)

I is strictly convex neighborhood of point p,, thatis F(pg,y) = F(py, —y) forall (py,y).

Theorem 2. Let ¢ be a smooth curve with arc length parameter s on the indicatrix surface FS? := 1(0)
in the Finsler space F3. The curve ¢ has the Darboux frame {c(s),T(s) = ;—v, Y(s) =c(s) x T(s)} and

geodesic curvature function r4(s) = g(V*%T(s),Y(s)) . The derivatives of these vectors in terms of
themselves is to be formulated as follows:

Vac(s) =T(s),

ds
V*iT(s) = —c(s) + kg(s)Y (s), 9)
as
V*iY(s) = —ky4(s)T(s),
as

1

where k,(s) = {g;;j(s)(c""(s) + 2G'(s))(c" (s) + 2G’(s)) — 1}* is geodesic curvature of the spherical
curve c(s).

Proof. Let ¢ : I - FS%? :=1(0) be aFinslerian spherical curve with arc length parameter s. Assume
that the curve ¢ has orthonormal triple vectors {c(s), T(s) = :—v, Y(s) = c(s) X T(s)} on the indicatrix
surface FS? at the point zero. Then we can calculate the derivations of these vectors as follows: Since the
curve c isaunit speed curve then, we get V5 c(s) = T(s) . Also, the derivation of the tangent vector T(s)

as

is written in terms of the triple vector fields asl73 2 T(s) = x1(s)c(s) + x2()T(s) + x3(s)Y (s). Since
g(c(s),c(s)) =1 we obtain g(Va T(s),c(s)) = —1 that is x;(s) = —1. x3(s) = g(Va T(s),Y(s)) can

be defined by the geodesic curvature Kg(S) So, it is found the second equality in the Equatlon (9). The
vector field Y (s) = (y1(s),y2(s),y3(s)) is introduced by the following components

_ ¢ (s) c3(s)

cz(s) ¢ (s) c1(s)  ca(s)
Y ) = ;
2(8) ¢3(s)

c'3(s) ¢1'(s) c'1(s) c'(s)

and Y(s) = gijyi(s)yf(s) . If we consider the expression of the vector Y (s) in the equation k4 (s) =

g(V3T(s),Y(s)), then we obtain the geodesic curvature of the Finslerian spherical curve c as follows
as

YO = BEOE
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1
Kg () = {9 ()(c™(s) +2G () (¢ (5) + 2G/ (5)) — 1}2.
If we take V3Y(s) = a;(s)c(s) + ax(s)T(s) + az(s)Y(s), then we calculate a;(s) =0, a,(s) =
—Kg(s) and a;E;) = 0 by using the similar method as above .

4.1. Bertrand Curve of a Given Curve on Indicatrix Surface According to Randers Metric

In this subsection, the theorems and examples are given according to the Randers metric which is special
Finslerian metric defined by Randers. The Randers metric defines as

F(x,y):=alx,y) + B(x,y).
Here, a(x,y) = /aij(x)yiyf is Euclidean norm. The authors [15] gave the Randers metric as follows:

F vyl ey Y
g = lay ———+ 5 (b + (b + 79}

where y; :=a;;y’. Since the bilinear form (g;;) is positive definite, then the length of 3 is less then

1,ie, I8, := /aijbibj <1 where (a¥) := (aij)_l.

Theorem 3. Let ¢ : I — FS? be aFinslerian spherical curve with arc length parameter s. Bertrand mate
of the curve ¢ is given by

t t (10)
c(t) = af c(wdu+a tanff Y(uw)du
0 0
where a and ¢ are constant real numbers.
Proof. Using the Frenet formulas in the Equation (5), we can calculate
V3¢ =a(c(t) +tanéY(t)),
at
VaVsé=a(l—tan&ky(0))T(0), (11)
at at

VaVsV5é=—a(l—tanéky(t))c(t) +a (— tané& Vékg(t)> T(t) + a(1 — tan & ky(0) )k, (DY (2).

at odt adt

From the Equation (11), we can calculate the following equality

VaexVyVse=a*(1—tanéky(t))(—tané c(t) +Y(1)) (12)
ot ot ot
and the Randers norm of this vector is calculated as follows:
F(V3EXxV3V56) = a*(1—tan&ky(t)) secé. (13)
at at ot

Take into account the Equations (11)-(13) in the curvature formulas

F(V*iéxv*iv*ié) g(V*iéxV*iV*ié,V*iV*iV*ié)
s ot 9t ot ~ ot 9t ot 9t ot ot
K(s) = —2—2°9% and 7(s) =
() F3(V5¢) () F2(V% ExVy 7} &) '
at at at at

we obtain the curvature and the torsion of the curve é:

K(s) = % (1 —tané kg (s)) and (s) = cos”§ (tanf + Kg(s)), (14)

a

respectively. Since the curvatures of the curve ¢ satisfy the Equation (14), we can say the curve ¢ is
Bertrand mate of the Finslerian spherical curve c.
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Corollary 1. Let ¢ : I — FS? be asmooth curve with arc length parameter s . The curve c¢ isacircle

if and only if its Bertrand curve ¢ is an circular helix.

Proof. The curve ¢ isacircle its geodesic curvature x4 (s) isaconstant, thatis, x,'(s) = 0. Considering
the last equality with the Equation (14), we obtain the curvatures £ and T are constants. This is completed
the proof.

Example. Let ¢ be an ellipse on the Finslerian 2 — sphere FS? according to Randers norm
F(uq, up,uz) = /()2 + (uz)? + (u3)? + b.uy. The curve c on FS? is parameterized as

coss—b sins

)= G =¥

where b € (0,1). The Bertrand curve ¢ in Figure 2 (right) related to the curve c(s) obtained as the form

. sins — bs cos s
c(s):( T2 ,—m,s+c1).

Figure 2. Ellipse curve and Bertrand curve derived from it

4.2. Bertrand Curves of Finslerian Spherical Image Curves According to Randers Metric

Definition 5. The locus of points whose position vector is the vector T(s) along to the curve c is called
the tangent Finslerian spherical image curve c; of the curve c.

Theorem 4. Let ¢ : Iy I —> FS? be the tangent Finslerian spherical curve of the curve c¢ . The
Bertrand mate of the curve c; is given by

Cr(t) =ac(t)+atané fSTB(u)du (15)
0

where s; = [k(s)ds and a,& are constants.

Proof. Let ¢ : I>F3c :=c(s) be a smooth curve with Frenet frame apparatus
{T(s),N(s),B(s),k(s),7(s)} in 3 —dimensional Finsler space and s be arc length parameter of the curve
c . Let cy(sy) be the tangent Finslerian spherical image of the curve ¢ where ¢ : [ — I, st = @(s)
is a regular C* —function. The Darboux frame of the curve c; is defined by {c; = T(s), Ty = N(s), Yy =
B(s)} . If these vectors are considered in the Equation (10), then it is obtained Bertrand mate of the tangent
Finslerian spherical image curve c; as in Equation (15).

Definition 6. The locus of points whose position vector is the vector N(s) along to the curve c is called
the normal Finslerian spherical image curve cy of the curve c.

Theorem 5. Let ¢y : Iy I — FS? be the normal Finslerian spherical curve of the curve ¢ with the
Darboux frame {cy, Ty = N,Yy = cy X Ty} . The Bertrand curve of the curve ¢y is given by
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t

Cy(t) = afo cy(w)du + ataan:NYN(u)du

where sy = [/k?(s) + 72(s)ds and a,¢ are constants.

Proof. Let cy (sy) be the normal Finslerian spherical image of the curve ¢ where ¢ : [ = Iy, sy = ¢(5)
is a regular C* —function. The Darboux frame vectors of the curve cy in terms of the Frenet vectors of
the curve c are

(16)

cy = N(s),
1

Th = T (KT + T(IBE))
1

Yy = (T(s)T(s) + k(s)B(s)).

VEZ(s) + 12(5)
If these vectors are considered in the Equation (10), then it is obtained Bertrand mate of the normal
Finslerian spherical image curve cy as in Equation (16).

Definition 7. The locus of points whose position vector is the vector B(s) along to the curve c is called
the binormal Finslerian spherical image c of the curve c.

Theorem 6. Let cg : Iz © I — FS? be the normal Finslerian spherical curve of the curve ¢ with the
Darboux frame {cg = B(s),Tg,Yg = cg X Tg}. The Bertrand curve corresponding to the binormal
Finslerian spherical curve is given by

‘ (17)
cg(t) = af B(u)du + atan € c(sg)
0

where s = [7(s)ds and a,& are constants.

Proof. In [16], the tangent vector of the binormal Finslerian spherical image curve was calculated by

Ty = —N(s). So, the Darboux frame vectors of the curve cg are obtained by cg = B(s), Tg = —N(s)
and Yz = T(s). If these vectors are considered in the Equation (10), then it is obtained Bertrand curve of
the binormal Finslerian spherical curve cg as in Equation (17).

5. CONCLUSION

In this study, the construction of the Bertrand curve from a given curve is discussed in Finslerian 3 —space.
Bertrand pair of spherical curves according to the Randers metric which is a special Finsler metric is
characterized in the Equation (10). Then, the Bertrand pair of the Finslerian spherical image curves is
obtained by calculating the Darboux frames of these special curves according to the Randers metric. The
Finsler helix is generated using the ellipse curve which is the circle of the Randers metric and their
visualization is shown with the help of the Mathematica program.
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