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• We determine the characterization of the Bertrand curve in Finslerian 3-space. 

• We produced new Bertrand curves from Finslerian spherical curves. 

• We exemplified our results using the Randers metric.   
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Abstract 

In this study, we give the linear condition for the Bertrand curve of a given curve in Finslerian 3-

space. Using the Izumiya and Takeuchi’s paper as an inspiration, Bertrand curves of Finslerian 

spherical curves are defined according to Randers metric which is a special Finslerian metric. 

Also, we obtain the Finsler helix derived from the Finslerian circle according to Randers metric 

and their visualizations are given by using the Mathematica program. 
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1. INTRODUCTION 

 

In 1917, Paul Finsler introduced the curves and surfaces by using the minkowski norm instead of inner 

product in doctoral thesis after him called Finsler geometry. The author defines Finsler geometry as the 

natural generalization of the Riemannian geometry. Therefore, this geometry includes the Riemannian 

metric. Finsler geometry is an important system which use in thermodynamics, optics, ecology, evolution, 

biology, etc. For example, the Finsler distance on this structure corresponds to the phase of an optical 

waveguide. Also, Finsler geometry appears in field theory and particle physics. Besides, it has an 

extraordinary research field in geometry, biology, physics, engineering, and computer sciences [1-5]. Ergüt 

et al. studied 𝐴𝑊(𝑘) − type curves in three dimensional Finsler manifold in [6]. Remizov [7] investigated 

the singularities of geodesics flows in two-dimensional Finsler space. Yıldırım et al. defined the helices in 

Finsler space and give some characterizations of these curves in [8, 9].  

 

G. Randers in 1941 first introduced the Randers metric that is outlined as a special Finsler metric in [10]. 

Randers metric is composed of two parts: an Euclidean norm on a vector space 𝑅𝑛 and  𝛽(𝑥) = 𝑏𝑖(𝑥)𝑦𝑖 be 

a linear form on 𝑅𝑛. Randers spaces must be required to have Riemannian norm strictly smaller than 1 

everywhere, i.e., ‖𝛽‖𝛾  : = √𝑎𝑖𝑗𝑏𝑖𝑏𝑗 < 1. 

 

Bertrand curve is first expressed by J. Bertrand in 1850 in [11]. A curve is called as a Bertrand mate of the 

other curve if its principal normal vector is normal to other curve. The curvature and torsion of the Bertrand 
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curve is satisfied the linear combination 𝑎𝜅 + 𝑏𝜏 = 1 such 𝑎, 𝑏  constants. Then, Izumiya and Takeuchi 

[12] found a new method for the generation of Bertrand curve. They obtained a new Bertrand curve from a 

given spherical curve in Euclidean 3-space. Babaarslan [13] showed that Bertrand curves can be constructed 

from unit speed curves on Euclidean 2-sphere 𝑆2. Also, he gave a relation between Bertrand curves and 

helices. 

 

In this paper, we examine the characterization of the Bertrand curves in Finsler space. Then, we find the 

Bertrand curves derived from curves on the indicatrix surface which is sphere of Finsler space. Also, we 

visualized an example using the Randers metric which is a special Finslerian metric. 

 

2. PRELIMINARIES 

 

In this section, we give the main geometric objects necessary for the study of Finsler geometry. 

 

Definition 1. Let  𝑀′  be non-empty open submanifold of 𝑇𝑀 such that 𝜋(𝑀′) = 𝑀 and  𝜃(𝑀) ∩ 𝑀′ = 𝜑,  
where 𝜃 is a zero section of 𝑇𝑀. It is given a smooth function 𝐹: 𝑇𝑀 → (0, ∞). Then suppose that any 

coordinate system  {(𝑈′, 𝛷′); 𝑥𝑖, 𝑦𝑖} in 𝑀′, the following conditions are fulfilled: 

(𝑭𝟏) 𝐹 is positively homogeneous of degree one, that is, 𝐹(𝜆𝑋) = 𝜆𝐹(𝑋) for all positive 𝜆 > 0, and  

𝑋 ∈ 𝑇𝑀 or in the coordinate system, we have 

 

𝐹(𝑥1, . . . 𝑥𝑚, 𝜆𝑦1, . . . , 𝜆𝑦𝑚) = 𝜆𝐹(𝑥1, . . . 𝑥𝑚, 𝑦1, . . . , 𝑦𝑚), 

for any  (𝑥, 𝑦) ∈ Φ′(𝑈′)  and any 𝜆 > 0. 

(𝑭𝟐) For any nonzero  𝑉 ∈ 𝑇𝑥𝑀 , the following quadratic form  𝑔𝑉  on  𝑇𝑥𝑀  

 

𝑔𝑉  :  𝑇𝑥𝑀 × 𝑇𝑥𝑀 → R, 

 

𝑔𝑉(𝑋, 𝑌) = ⟨𝑋, 𝑌⟩𝑉  : =
1

2

∂2

∂𝑠 ∂𝑡
[𝐹2(𝑉 + 𝑠𝑋 + 𝑡𝑌)]|𝑠=𝑡=0 

 

is a positive definite quadratic form on R𝑚 and using the canonical coordinates 

(𝑥, 𝑦) = (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑛)  on  𝑇𝑀, the coefficients of the metric 𝑔 can be stated as follows  

 

𝑔𝑖𝑗(𝑥, 𝑦) =
1

2

∂2𝐹2

∂𝑦𝑖 ∂𝑦𝑗
(𝑥, 𝑦)  ,  𝑖, 𝑗 ∈ {1, . . . , 𝑚}. 

 

The triple  F𝑚 = (𝑀, 𝑀′, 𝐹)  with 𝐹 satisfying  (𝑭𝟏)  and  (𝑭𝟐) is a Finsler manifold and  𝐹  is called the 

fundamental function of  F𝑚. 

 

Let  F𝑚+1 = (𝑀, 𝑀′, 𝐹)  be a Finsler manifold and  F1 = (𝑐, 𝑐′, 𝐹1)  be a one dimensional Finsler 

submanifold of  F𝑚+1.  Here,  𝑐  is a smooth curve in  𝑀  and  𝑐′  is the tangent bundle of the curve  𝑐  in  

𝑀′.  The curve  𝑐  has the following representation  

 

𝑥𝑖 = 𝑥𝑖(𝑠):    𝑖 ∈ {1,2, . . . , 𝑚 + 1},   𝑠 ∈ (𝑎, 𝑏) 
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where  (𝑠, 𝑣)  denoted by the coordinates on 𝑐′ and 𝑠 is the arc length parameter of the curve 𝑐. Let  (𝑠, 𝑣)  

be local coordinates and {
∂

∂𝑠
,

∂

∂𝑣
} be a natural frame on  𝑐′  where  

∂

∂𝑣
  is a unit Finslerian vector field. The 

vertical covariant derivative of the tangent vector  
∂

∂𝑣
 of the curve 𝑐  that is  𝑔 (

∂

∂𝑣
,

∂

∂𝑣
) = 1.  The following 

equalities are given  

 

∂

∂𝑠
=

𝑑𝑥𝑖

𝑑𝑠

∂

∂𝑥𝑖
+ 𝑣

𝑑2𝑥𝑖

𝑑𝑠2

∂

∂𝑦𝑖
 and 

∂

∂𝑣
=

𝑑𝑥𝑖

𝑑𝑠

∂

∂𝑦𝑖
. 

 These imply following equation 

 

𝑦𝑖(𝑠, 𝑣) = 𝑣
𝑑𝑥𝑖

𝑑𝑠
,  𝑖 ∈ {0, . . . , 𝑚}, 

 

where  {
∂

∂𝑠
,

∂

∂𝑣
}  is the natural frame on  𝑐 ′.  

A Finsler vector field  𝑋  on  F𝑚+1  along  𝑐 ′  is projectable on  𝑐 . Then, it can be expressed as follows: 

 

 
𝑋(𝑥(𝑠), 𝑣𝑥 ′(𝑠)) = 𝑋𝑖(𝑠)

∂

∂𝑦𝑖
(𝑥(𝑠), 𝑣𝑥 ′(𝑠)) 

(1) 

 

at any point  (𝑥(𝑠), 𝑣𝑥 ′(𝑠)) ∈ 𝑐 ′.  From here, a vector field  𝑋∗  on  𝑐  denoted by the following formula 

 𝑋∗(𝑥(𝑠)) = 𝑋𝑖(𝑠)
∂

∂𝑥𝑖 (𝑥(𝑠)).  (2) 

Thus, the vector field 𝑋∗(𝑥(𝑠)) considered as the projection of the Finsler vector 𝑋(𝑥(𝑠), 𝑣𝑥′(𝑠))  on the 

tangent bundle 𝑇𝑀 of  𝑀 at 𝑥(𝑠) ∈ 𝑐 (see for details [3]). The covariant derivatives according to Cartan 

connection of any projectable Finsler vector field  𝑋  in the direction of  
∂

∂𝑣
  vanish identically on 𝑐 ′. 

 (∇ ∂

∂𝑣

𝑋)(𝑥(𝑠), 𝑣𝑥 ′(𝑠)) = 0, 𝑠 ∈ (−𝜀, 𝜀) and  (3) 

and 

 
∇ ∂

∂𝑣

∂

∂𝑣
= 0 

(4) 

enable us to express that the vertical covariant derivatives along 𝑐 with respect to Cartan connection don't 

give any Frenet frame for 𝑐. So, that the non-linear connection  𝐻𝑐 ′  on  F1  by the canonical non-linear 

connection  𝐺𝑀′  of  F𝑚+1  is locally spanned by  
∂

∂𝑠
. The Cartan connection is the best choice for studying 

the geometry of curves in a Finsler manifold. The Cartan derivative of the vector field  
∂

∂𝑣
  is obtained as 

folows:  
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∇∂/∂𝑠
∗ ∂

∂𝑣
= (

𝑑2𝑥𝑘

𝑑𝑠2
+ 2𝐺𝑘(𝑠))

∂

∂𝑦𝑘
 

where 𝐺𝑖 =
𝑔𝑖𝑙

4
{

∂2𝐹2

∂𝑥𝑚 ∂𝑦ı
𝑦𝑚 −

∂𝐹2

∂𝑥𝑙 } and  𝑔𝑖𝑗 = (𝑔𝑖𝑗)
−1

.  

Let  𝑐 = 𝑐(𝑠)  be a smooth curve in  F3  and  𝑠  be an arc length parameter of the curve  𝑐.  Suppose that 

the moving Frenet frame along the curve  𝑐  denoted by  {𝑇  : =
∂

∂𝑣
, 𝑁, 𝐵}  in the Finslerian 3 −space. Then, 

the Frenet formulas of the curve  𝑐  are given by  

∇ ∂
∂𝑠

∗ 𝑇(𝑠) = 𝜅(𝑠)𝑁(𝑠), 

 ∇ ∂
∂𝑠

∗ 𝑁(𝑠) = −𝜅(𝑠)𝑇(𝑠) + 𝜏(𝑠)𝐵(𝑠), (5) 

∇ ∂

∂𝑠

∗ 𝐵(𝑠) = −𝜏(𝑠)𝑁(𝑠),   

where the Frenet vectors 𝑁(𝑠) and 𝐵(𝑠) are Finslerian principal normal and binormal vectors of the curve 

𝑐, respectively. The Finslerian curvature and torsion of the curve 𝑐 are defined by 

𝜅(𝑠) = {𝑔𝑖𝑗(𝑠)(𝑐 ′′𝑖(𝑠) + 2𝐺𝑖(𝑠))(𝑐 ′′𝑗(𝑠) + 2𝐺𝑗(𝑠))}
1
2, 

𝜏(𝑠) = −𝑔 (∇ ∂
∂𝑠

∗ 𝑁, 𝐵) (𝑠) = −𝑔𝑖𝑗(𝑠)𝐵𝑖(𝑠) {
∂𝑁𝑗

∂𝑠
+ 𝑁𝑘(𝑠)𝑆𝑘

𝑗
(𝑠)} 

[3]. 

 

3. BERTRAND CURVES IN FINSLER 3-MANIFOLD 

 

Definition 2. [11] Let  𝑐(𝑠)  and  𝑐∗(𝑠∗) be unit speed curves in 3 − dimensional Finsler manifold F3 =

(𝑀, 𝑀′, 𝐹). These curves are called the Bertrand curve pair, if there is a relationship in which the principal 

normals of these curves are parallel to each other at the opposite points. 

 

Figure 1. Bertrand curves 𝑐(𝑠)  and  𝑐∗(𝑠∗) 

 

From the Figure 1, the relationship between the curves  𝑐  and  𝑐∗  is given by 

  𝑐∗(𝑠∗) = 𝑐(𝑠) + 𝜆(𝑠)𝑁(𝑠).  
and using Equation (5), we can calculate 

 ∇ ∂
∂𝑠

∗ 𝑐∗(𝑠∗) = (1 − 𝜆(𝑠)𝜅(𝑠))𝑇(𝑠) + (∇ ∂
∂𝑠

∗ 𝜆(𝑠))𝑁(𝑠) + 𝜆(𝑠)𝜏(𝑠)𝐵(𝑠)  
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and since the tangent vector  
∂

∂𝑣∗ of  𝑐∗ and the principal normal vector of  𝑐  are orthogonal then it is 

calculated that 𝜆 is a constant. Take into account the constant 𝜆, the Frenet vectors of the curve  𝑐∗  is 

obtained in terms of Frenet vectors of the curve  𝑐 as follows:  

𝑇∗(𝑠∗) =
1

√((1 − 𝜆𝜅(𝑠))2) + (𝜆(𝑠)𝜏(𝑠))2
((1 − 𝜆𝜅(𝑠))𝑇(𝑠) + 𝜆𝜏(𝑠)𝐵(𝑠)), 

 
𝑁∗(𝑠∗) = 𝑁(𝑠), 

 
𝐵∗(𝑠∗) = 𝑇∗(𝑠∗) × 𝑁∗(𝑠∗), 

 

where 𝑑𝑠∗ = √((1 − 𝜆𝜅(𝑠))2) + (𝜆(𝑠)𝜏(𝑠))2𝑑𝑠. 

 

Definition 3. [14] In Finsler space,  F𝑛 = (𝑀, 𝑀′, 𝐹)  angle  𝛼  usually means the angle of the two vectors  

𝜉(𝑝, 𝑦)  and  𝜂(𝑝, 𝑦)  of  𝑉(𝑝,𝑦)𝑇𝑀 . The cosine of the angle  𝛼  is defined by 

 

𝑐𝑜𝑠 𝛼 =
𝑔𝑖𝑗(𝑝,𝑦)𝜉𝑖(𝑝,𝑦)𝜂(𝑝,𝑦)

𝐹(𝜉)𝐹(𝜂)
. 

 

Theorem 1.  Let  𝑐 ∶= 𝑐(𝑠)  and  𝑐∗   ≔ 𝑐∗(𝑠∗) be curves with non-zero curvatures in the 3 −dimensional 

Finsler space. Then,  𝑐∗ is the Bertrand mate of the curve  𝑐  if and only if the curvature and torsion of the 

curve  𝑐  provides the linear relation                

                      

 𝑐1𝜅(𝑠) + 𝑐2𝜏(𝑠) = 1 (6) 

where  𝑐1 = 𝜆, 𝑐2 = 𝜆 𝑐𝑜𝑡 𝜃  are constants and 𝜃 is angle between tangent vector fields of the curves  𝑐  and  

𝑐∗. The curvatures of the curve  𝑐  are defined by 𝜅(𝑠) = {𝑔𝑖𝑗(𝑠)(𝑐 ′′𝑖(𝑠) + 2𝐺𝑖(𝑠))(𝑐 ′′𝑗(𝑠) + 2𝐺𝑗(𝑠))}
1

2  

and 𝜏(𝑠) = −𝑔𝑖𝑗(𝑠)𝐵𝑖(𝑠) {
∂𝑁𝑗

∂𝑠
+ 𝑁𝑘(𝑠)𝑆𝑘

𝑗
(𝑠)}. 

Proof.  Let  𝑐  and  𝑐∗ be Bertrand mate curves in  3 − dimensional Finsler space. If cosine of the angle  

between their tangent vectors  𝑇(𝑠)  and  𝑇∗(𝑠∗)  is  𝑐𝑜𝑠 𝜃 =
𝑔(𝑇(𝑠),𝑇∗(𝑠∗))

𝐹(𝑇(𝑠))𝐹(𝑇∗(𝑠∗)))
, then we can write     

  𝑇∗(𝑠∗) = 𝑐𝑜𝑠 𝜃 𝑇(𝑠) + 𝑠𝑖𝑛 𝜃 𝐵(𝑠). (7) 

Differentiating Equation (7) with respect to  𝑠  and using the Frenet formulas in Equation (5), we get  

∇ ∂

∂𝑠

∗ 𝑇∗(𝑠∗) = − (∇ ∂

∂𝑠

∗ 𝜃) 𝑠𝑖𝑛 𝜃 𝑇(𝑠) + (𝜅(𝑠) 𝑐𝑜𝑠 𝜃 − 𝜏(𝑠) 𝑠𝑖𝑛 𝜃)𝑁(𝑠) + (∇ ∂

∂𝑠

∗ 𝜃) 𝑐𝑜𝑠 𝜃 𝐵(𝑠). 

Since 𝑔(𝑁∗(𝑠∗), 𝑇(𝑠)) = 0, we obtain that the angle 𝜃 is a constant. Since it can be written the tangent 

vector field of the curve  𝑐∗  in terms of Frenet frame vectors of the curve  𝑐 as follows:        

𝑇∗(𝑠∗) =
1

√(1−𝜆𝜅(𝑠))2+(𝜆𝜏(𝑠))2
{(1 − 𝜆𝜅(𝑠))𝑇(𝑠) + 𝜆𝜏(𝑠)𝐵(𝑠)}. 

Considering the last equation and Equation (7), the following ratio is obtained 

1−𝜆𝜅(𝑠)

𝑐𝑜𝑠 𝜃
=

𝜆𝜏(𝑠)

𝑠𝑖𝑛 𝜃
. 

The last equality gives desired result for some constants 𝑐1 = 𝜆 and 𝑐2 = 𝜆 𝑐𝑜𝑡 𝜃. 
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Conversely, we assume that 𝑐(𝑠) is a smooth curves in F3 and the equality 𝜆𝜅(𝑠) + 𝜆 𝑐𝑜𝑡 𝜃 𝜏(𝑠) = 1 is 

satisfied for some constants  𝜆  and  𝜃.  The curve 𝑐∗ is defined by  

𝑐∗(𝑠∗) = 𝑐(𝑠) + 𝜆𝑁(𝑠). 

From the last equality, the principal normal vector field 𝑁∗ of the curve 𝑐∗ is equal to the principal normal 

vector field  𝑁 of the curve  𝑐, i.e. 𝑁∗ = 𝑁.  So, the curve  𝑐∗  is the Bertrand curve of the curve  𝑐. 

 

4. CONSTRUCTION OF BERTRAND CURVES IN FINSLER 3-SPACE 

 

In this section, we will first define the indicatrix hypersurface in Finsler manifold. Then, we will define the 

Darboux frame for the curves that lie on the indicatrix surface. We will build the Bertrand curve from the 

Finsler spherical curves by using Izumiya and Takeuchi’s method. Finally, we will construct Bertrand 

curves using the Finslerian spherical images of a given curve in Finsler space. 

Definition 4. [14] In the Finsler manifold  𝐹𝑚+1 = (𝑀, 𝑀′, 𝐹)  , the indicatrix hypersurface which plays 

the role of the Euclidean unit sphere  𝑆𝑛−1 ∈ 𝐸𝑛  is defined by  

   𝐼(𝑝0) = {𝑦 ∈ 𝑇𝑝0
𝑀|𝐹(𝑝0, 𝑦) = 1}, (8) 

  𝐼  is strictly convex neighborhood of point  𝑝0,  that is  𝐹(𝑝0, 𝑦) = 𝐹(𝑝0, −𝑦)  for all (𝑝0, 𝑦).  

Theorem 2.  Let  𝑐  be a smooth curve with arc length parameter 𝑠 on the indicatrix surface 𝐹𝑆2  : = 𝐼(0) 

in the Finsler space 𝐹3. The curve  𝑐  has the Darboux frame  {𝑐(𝑠), 𝑇(𝑠) =
𝜕

𝜕𝑣
, 𝑌(𝑠) = 𝑐(𝑠) × 𝑇(𝑠)}  and 

geodesic curvature function  𝜅𝑔(𝑠) = 𝑔(𝛻∗ 𝜕

𝜕𝑠
𝑇(𝑠), 𝑌(𝑠)) . The derivatives of these vectors in terms of 

themselves is to be formulated as follows:  

𝛻𝜕
𝜕𝑠

∗ 𝑐(𝑠) = 𝑇(𝑠), 

 𝛻𝜕
𝜕𝑠

∗ 𝑇(𝑠) = −𝑐(𝑠) + 𝜅𝑔(𝑠)𝑌(𝑠), (9) 

𝛻𝜕
𝜕𝑠

∗ 𝑌(𝑠) = −𝜅𝑔(𝑠)𝑇(𝑠), 

where  𝜅𝑔(𝑠) = {𝑔𝑖𝑗(𝑠)(𝑐′′𝑖(𝑠) + 2𝐺𝑖(𝑠))(𝑐′′𝑗(𝑠) + 2𝐺𝑗(𝑠)) − 1}
1

2  is geodesic curvature of the spherical 

curve  𝑐(𝑠).      

Proof. Let  𝑐  :   𝐼 → 𝐹𝑆2  : = 𝐼(0)  be a Finslerian spherical curve with arc length parameter 𝑠. Assume 

that the curve  𝑐  has orthonormal triple vectors  {𝑐(𝑠), 𝑇(𝑠) =
𝜕

𝜕𝑣
, 𝑌(𝑠) = 𝑐(𝑠) × 𝑇(𝑠)}  on the indicatrix 

surface  𝐹𝑆2 at the point zero. Then we can calculate the derivations of these vectors as follows:  Since the 

curve  𝑐  is a unit speed curve then, we get  𝛻𝜕

𝜕𝑠

∗ 𝑐(𝑠) = 𝑇(𝑠) . Also, the derivation of the tangent vector  𝑇(𝑠)  

is written in terms of the triple vector fields as𝛻𝜕

𝜕𝑠

∗ 𝑇(𝑠) = 𝑥1(𝑠)𝑐(𝑠) + 𝑥2(𝑠)𝑇(𝑠) + 𝑥3(𝑠)𝑌(𝑠). Since 

𝑔(𝑐(𝑠), 𝑐(𝑠)) = 1 we obtain 𝑔(𝛻𝜕

𝜕𝑠

∗ 𝑇(𝑠), 𝑐(𝑠)) = −1, that is 𝑥1(𝑠) = −1. 𝑥3(𝑠) = 𝑔(𝛻𝜕

𝜕𝑠

∗ 𝑇(𝑠), 𝑌(𝑠)) can 

be defined by the geodesic curvature  𝜅𝑔(𝑠). So, it is found the second equality in the Equation (9). The 

vector field       𝑌(𝑠) = (𝑦1(𝑠), 𝑦2(𝑠), 𝑦3(𝑠))  is introduced by the following components  

 

𝑦1(𝑠) = |
𝑐2(𝑠) 𝑐3(𝑠)

𝑐′2(𝑠) 𝑐3′(𝑠)
|  ,  𝑦2(𝑠) = |

𝑐3(𝑠) 𝑐1(𝑠)

𝑐′3(𝑠) 𝑐1′(𝑠)
|  ,   𝑦3(𝑠) = |

𝑐1(𝑠) 𝑐2(𝑠)
𝑐′1(𝑠) 𝑐2′(𝑠)

| 

and  𝑌(𝑠) = 𝑔𝑖𝑗𝑦𝑖(𝑠)𝑦𝑗(𝑠) . If we consider the expression of the vector 𝑌(𝑠)  in the equation 𝜅𝑔(𝑠) =

𝑔(𝛻𝜕

𝜕𝑠

∗ 𝑇(𝑠), 𝑌(𝑠)), then we obtain the geodesic curvature of the Finslerian spherical curve  𝑐  as follows  



732 Fatma ATES, Zehra OZDEMIR, F. Nejat EKMEKCI / GU J Sci, 33(3): 726-735 (2020) 

 

𝜅𝑔(𝑠) = {𝑔𝑖𝑗(𝑠)(𝑐 ′′𝑖(𝑠) + 2𝐺𝑖(𝑠))(𝑐 ′′𝑗(𝑠) + 2𝐺𝑗(𝑠)) − 1}
1
2. 

 If we take 𝛻𝜕

𝜕𝑠

∗ 𝑌(𝑠) = 𝑎1(𝑠)𝑐(𝑠) + 𝑎2(𝑠)𝑇(𝑠) + 𝑎3(𝑠)𝑌(𝑠), then we calculate 𝑎1(𝑠) = 0, 𝑎2(𝑠) =

−𝜅𝑔(𝑠) and 𝑎3(𝑠) = 0 by using the similar method as above . 

 

4.1. Bertrand Curve of a Given Curve on Indicatrix Surface According to Randers Metric 

 

In this subsection, the theorems and examples are given according to the Randers metric which is special 

Finslerian metric defined by Randers. The Randers metric defines as  

𝐹(𝑥, 𝑦): = 𝛼(𝑥, 𝑦) + 𝛽(𝑥, 𝑦). 

Here,  𝛼(𝑥, 𝑦) = √𝑎𝑖𝑗(𝑥)𝑦𝑖𝑦𝑗  is Euclidean norm. The authors [15] gave the Randers metric as follows:  

𝑔𝑖𝑗 =
𝐹

𝛼
{𝑎𝑖𝑗 −

𝑦𝑖

𝛼

𝑦𝑗

𝛼
+

𝛼

𝐹
(𝑏𝑖 +

𝑦𝑖

𝛼
)(𝑏𝑗 +

𝑦𝑗

𝛼
)} 

where  𝑦𝑖  : = 𝑎𝑖𝑗𝑦𝑗.  Since the bilinear form  (𝑔𝑖𝑗)  is positive definite, then the length of  𝛽  is less then  

1 , i.e.,  ‖𝛽‖𝛾  : = √𝑎𝑖𝑗𝑏𝑖𝑏𝑗 < 1  where  (𝑎𝑖𝑗)  : = (𝑎𝑖𝑗)
−1

.  

 Theorem 3. Let  𝑐  :   𝐼 → 𝐹𝑆2  be a Finslerian spherical curve with arc length parameter 𝑠. Bertrand mate 

of the curve 𝑐  is given by  

 
𝑐̃(𝑡) = 𝑎 ∫ 𝑐(𝑢)𝑑𝑢

𝑡

0

+ 𝑎 𝑡𝑎𝑛 𝜉 ∫ 𝑌(𝑢)𝑑𝑢
𝑡

0

 
(10) 

where 𝑎 and 𝜉 are constant real numbers. 

 Proof.  Using the Frenet formulas in the Equation (5), we can calculate 

𝛻𝜕
𝜕𝑡

∗ 𝑐̃ = 𝑎(𝑐(𝑡) + 𝑡𝑎𝑛 𝜉 𝑌(𝑡)), 

 𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃ = 𝑎(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑡))𝑇(𝑡), (11) 

𝛻𝜕

𝜕𝑡

∗ 𝛻𝜕

𝜕𝑡

∗ 𝛻𝜕

𝜕𝑡

∗ 𝑐̃ = −𝑎(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑡))𝑐(𝑡) + 𝑎 (− 𝑡𝑎𝑛 𝜉 𝛻𝜕

𝜕𝑡

∗ 𝜅𝑔(𝑡)) 𝑇(𝑡) + 𝑎(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑡))𝜅𝑔(𝑡)𝑌(𝑡).  

 From the Equation (11), we can calculate the following equality  

 𝛻𝜕
𝜕𝑡

∗ 𝑐̃ × 𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃ = 𝑎2(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑡))(− 𝑡𝑎𝑛 𝜉 𝑐(𝑡) + 𝑌(𝑡)) (12) 

and the Randers norm of this vector is calculated as follows: 

 𝐹(𝛻𝜕

𝜕𝑡

∗ 𝑐̃ × 𝛻𝜕

𝜕𝑡

∗ 𝛻𝜕

𝜕𝑡

∗ 𝑐̃) = 𝑎2(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑡)) 𝑠𝑒𝑐 𝜉. (13) 

Take into account the Equations (11)-(13) in the curvature formulas 

𝜅̃(𝑠) =

𝐹(𝛻𝜕
𝜕𝑡

∗ 𝑐̃×𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃)

𝐹3(𝛻𝜕
𝜕𝑡

∗ 𝑐̃)
  and  𝜏̃(𝑠) =

𝑔(𝛻𝜕
𝜕𝑡

∗ 𝑐̃×𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃,𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃)

𝐹2(𝛻𝜕
𝜕𝑡

∗ 𝑐̃×𝛻𝜕
𝜕𝑡

∗ 𝛻𝜕
𝜕𝑡

∗ 𝑐̃)
, 

 we obtain the curvature and the torsion of the curve  𝑐̃:    

 𝜅̃(𝑠) =
𝑐𝑜𝑠2 𝜉

𝑎
(1 − 𝑡𝑎𝑛 𝜉 𝜅𝑔(𝑠))  and      𝜏̃(𝑠) =

𝑐𝑜𝑠2 𝜉

𝑎
(𝑡𝑎𝑛 𝜉 + 𝜅𝑔(𝑠)), (14) 

respectively. Since the curvatures of the curve  𝑐̃  satisfy the Equation (14), we can say the curve  𝑐̃  is 

Bertrand mate of the Finslerian spherical curve 𝑐.   
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Corollary 1.  Let  𝑐  :   𝐼 → 𝐹𝑆2  be a smooth curve with arc length parameter  𝑠 . The curve  𝑐  is a circle 

if and only if its Bertrand curve  𝑐̃  is an circular helix. 

 Proof.  The curve  𝑐̃  is a circle its geodesic curvature  𝜅𝑔(𝑠)  is a constant, that is,  𝜅𝑔′(𝑠) = 0.  Considering 

the last equality with the Equation (14), we obtain the curvatures  𝜅̃  and  𝜏̃  are constants. This is completed 

the proof.   

Example. Let  𝑐  be an ellipse on the Finslerian  2 − sphere  𝐹𝑆2  according to Randers norm 

𝐹(𝑢1, 𝑢2, 𝑢3) = √(𝑢1)2 + (𝑢2)2 + (𝑢3)2 + 𝑏. 𝑢1.  The curve 𝑐 on 𝐹𝑆2 is parameterized as  

𝑐(𝑠) = (
𝑐𝑜𝑠 𝑠 − 𝑏

1 − 𝑏2
,

𝑠𝑖𝑛 𝑠

√1 − 𝑏2
, 0) 

where 𝑏 ∈ (0,1).  The Bertrand curve  𝑐̃  in Figure 2 (right) related to the curve  𝑐(𝑠)  obtained as the form  

𝑐̃(𝑠) = (
𝑠𝑖𝑛 𝑠 − 𝑏𝑠

1 − 𝑏2
, −

𝑐𝑜𝑠 𝑠

√1 − 𝑏2
, 𝑠 + 𝑐1). 

 

 

Figure 2. Ellipse curve and Bertrand curve derived from it 

 

4.2. Bertrand Curves of Finslerian Spherical Image Curves According to Randers Metric 

 

Definition 5. The locus of points whose position vector is the vector  𝑇(𝑠)  along to the curve  𝑐  is called 

the tangent Finslerian spherical image curve  𝑐𝑇  of the curve  𝑐. 

 

Theorem 4.  Let  𝑐𝑇  :  𝐼𝑇 ⊂ 𝐼 → 𝐹𝑆2  be the tangent Finslerian spherical curve of the curve  𝑐 . The 

Bertrand mate of the curve  𝑐𝑇  is given by  

 
𝑐̃𝑇(𝑡) = 𝑎𝑐(𝑡) + 𝑎 𝑡𝑎𝑛 𝜉 ∫ 𝐵(𝑢)𝑑𝑢

𝑠𝑇

0

 
(15) 

where  𝑠𝑇 = ∫ 𝜅(𝑠)𝑑𝑠  and  𝑎, 𝜉  are constants. 

 

 Proof. Let 𝑐  :   𝐼 → 𝐹3, 𝑐  : = 𝑐(𝑠) be a smooth curve with Frenet frame apparatus  
{𝑇(𝑠), 𝑁(𝑠), 𝐵(𝑠), 𝜅(𝑠), 𝜏(𝑠)} in  3 −dimensional Finsler space and  𝑠  be arc length parameter of the curve  

𝑐 . Let  𝑐𝑇(𝑠𝑇)  be the tangent Finslerian spherical image of the curve  𝑐  where  𝜑  :   𝐼 → 𝐼𝑇 , 𝑠𝑇 = 𝜑(𝑠)  

is a regular 𝐶∞ −function. The Darboux frame of the curve 𝑐𝑇 is defined by  {𝑐𝑇 = 𝑇(𝑠), 𝑇𝑇 = 𝑁(𝑠), 𝑌𝑇 =
𝐵(𝑠)} . If these vectors are considered in the Equation (10), then it is obtained Bertrand mate of the tangent 

Finslerian spherical image curve  𝑐𝑇  as in Equation (15).     

 

 Definition 6. The locus of points whose position vector is the vector  𝑁(𝑠)  along to the curve  𝑐  is called 

the normal Finslerian spherical image curve  𝑐𝑁  of the curve  𝑐 . 

 

Theorem 5.  Let  𝑐𝑁  :  𝐼𝑁 ⊂ 𝐼 → 𝐹𝑆2  be the normal Finslerian spherical curve of the curve  𝑐  with the 

Darboux frame  {𝑐𝑁, 𝑇𝑁 = 𝑁, 𝑌𝑁 = 𝑐𝑁 × 𝑇𝑁} . The Bertrand curve of the curve  𝑐𝑁  is given by  
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𝑐̃𝑁(𝑡) = 𝑎 ∫ 𝑐𝑁(𝑢)𝑑𝑢

𝑡

0

+ 𝑎 𝑡𝑎𝑛 𝜉 ∫ 𝑌𝑁(𝑢)𝑑𝑢
𝑠𝑁

0

 
(16) 

where  𝑠𝑁 = ∫ √𝜅2(𝑠) + 𝜏2(𝑠)𝑑𝑠  and  𝑎, 𝜉  are constants. 

 

Proof. Let 𝑐𝑁(𝑠𝑁) be the normal Finslerian spherical image of the curve 𝑐  where  𝜑  :   𝐼 → 𝐼𝑁, 𝑠𝑁 = 𝜑(𝑠)  

is a regular  𝐶∞ −function. The Darboux frame vectors of the curve  𝑐𝑁 in terms of the Frenet vectors of 

the curve 𝑐 are  

𝑐𝑁 = 𝑁(𝑠), 

𝑇𝑁 =
1

√𝜅2(𝑠) + 𝜏2(𝑠)
(−𝜅(𝑠)𝑇(𝑠) + 𝜏(𝑠)𝐵(𝑠)), 

𝑌𝑁 =
1

√𝜅2(𝑠) + 𝜏2(𝑠)
(𝜏(𝑠)𝑇(𝑠) + 𝜅(𝑠)𝐵(𝑠)). 

If these vectors are considered in the Equation (10), then it is obtained Bertrand mate of the normal 

Finslerian spherical image curve  𝑐𝑁  as in Equation (16).   

   

Definition 7. The locus of points whose position vector is the vector  𝐵(𝑠)  along to the curve  𝑐  is called 

the binormal Finslerian spherical image 𝑐𝐵 of the curve  𝑐 . 

 

Theorem 6. Let 𝑐𝐵  :  𝐼𝐵 ⊂ 𝐼 → 𝐹𝑆2 be the normal Finslerian spherical curve of the curve 𝑐 with the 

Darboux frame {𝑐𝐵 = 𝐵(𝑠), 𝑇𝐵, 𝑌𝐵 = 𝑐𝐵 × 𝑇𝐵}. The Bertrand curve corresponding to the binormal 

Finslerian spherical curve is given by  

 
𝑐̃𝐵(𝑡) = 𝑎 ∫ 𝐵(𝑢)𝑑𝑢

𝑡

0

+ 𝑎 𝑡𝑎𝑛 𝜉 𝑐(𝑠𝐵) 
(17) 

where  𝑠𝐵 = ∫ 𝜏(𝑠)𝑑𝑠  and  𝑎, 𝜉  are constants. 

  

 Proof. In [16], the tangent vector of the binormal Finslerian spherical image curve was calculated by 

 𝑇𝐵 = −𝑁(𝑠). So, the Darboux frame vectors of the curve  𝑐𝐵  are obtained by 𝑐𝐵 = 𝐵(𝑠),  𝑇𝐵 = −𝑁(𝑠)  

and  𝑌𝐵 = 𝑇(𝑠). If these vectors are considered in the Equation (10), then it is obtained Bertrand curve of 

the binormal Finslerian spherical curve 𝑐𝐵 as in Equation (17).  

 

5. CONCLUSION 

 

In this study, the construction of the Bertrand curve from a given curve is discussed in Finslerian 3 −space. 

Bertrand pair of spherical curves according to the Randers metric which is a special Finsler metric is 

characterized in the Equation (10). Then, the Bertrand pair of the Finslerian spherical image curves is 

obtained by calculating the Darboux frames of these special curves according to the Randers metric. The 

Finsler helix is generated using the ellipse curve which is the circle of the Randers metric and their 

visualization is shown with the help of the Mathematica program.  
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