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Highlights
« A unique ruled surface is corresponded to the natural lift curve.
« Properties of ruled surfaces generated by natural lift curves are examined.
+ A method is given for modelling motions on T M instead of DS?.

Article Info Abstract

This article deals with the isomorphism between unit dual sphere, DS?, and the subset of the
Received: 08/07/2019 tangent bundle of unit 2-sphere, TM. According to E. Study mapping, a ruled surface
Accepted: 25/02/2020 in R3corresponds to each curve on DS2. Through this correspondence, a unique ruled surface in

R3is corresponded to natural lift curve on TM. Then striction curve, shape operator, mean
curvature and Gaussian curvature of these ruled surfaces obtained by the natural lift curves are
calculated. Developabilitiy condition of these ruled surfaces is given. Finally, we give an example
Natural lift to support the main results.
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1. INTRODUCTION

The theories of curves and surfaces have been applied to many research fields in differential geometry,
kinematics, etc. In the literature, definition and properties of natural lift curve was first encountered in
Thorpe’s book, see [1]. The natural lift curve is defined as the curve constructed by the end points of the
tangent vectors of the main curve. In R3, the properties of natural lift curve of a given curve were studied
by Ergiin and Caliskan, see [2]. Frenet operators of the natural lift curve of a given curve were presented
by using the angle between Darboux vector field and the binormal vector field of the main curve, see [3].

Ruled surfaces are used extensively in geometry, surface design, computer-aided geometric design, physics,
etc. A ruled surface is defined as the surface represented by moving a straight line in R3, along a space
curve defined as the base curve, see [4]. In the literature, there are a lot of studies about the properties of
ruled surfaces, see [5-12].

W. K. Clifford pioneered the properties of dual numbers in 1873. Then E. Study constructed the
correspondence between the geometry of lines in R3 and unit dual sphere, DS? by defining a mapping
called E. Study mapping. This mapping says that the oriented straight lines in R3 are congruent with the
points on DS?, see [13]. A correspondence among TS?, DS? and non-cylindirical ruled surfaces was given
by Karakas and Giindogan, see [14]. In the light of this study, the correspondence between unit dual sphere
and tangent bundle of unit 2-sphere, TS? was given by Bekar, Hathout and Yayls, see [15]. In that study,
the correspondence between an each curve on TS? and ruled surface in R3was given. The striction curve
and the results of developability condition of ruled surfaces were presented. Then the isomorphism between
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tangent bundle of pseudo-sphere and ruled surfaces in Minkowski space was given by the same authors,
see [16]. In that article, the developability condition and involute-evolute curve couples on TSZand
T H?were also presented.

However, there is no research about ruled surfaces obtained by the natural lift curves in R3with the
isomorphism between unit dual sphere and the subset of unit 2-sphere, TM. The remainder of this paper is
divided into four sections: Section 2 is about basic definitions and theorems about the topic. Section 3
covers the properties of dual vectors, unit dual sphere and the isomorphism among TM, DS2and ruled
surfaces obtained by the natural lift curves in R3. Section 4 deals with the developability condition for the
ruled surfaces obtained by the natural lift curves. In the same section, we give an example to illustrate the
main conclusion. Section 5 is about the conclusion. Furthermore, obtained results are discussed.

2. PRELIMINARIES

This section deals with concepts of natural lift curve of a given curve, the tangent bundle of unit 2-sphere
of the natural lift curve, the theory for ruled surfaces, Weingarten map, mean curvature and Gaussian
curvature of ruled surfaces obtained by the natural lift curves.

Definition 1. Assume that S2is the unit 2-sphere in R3. The tangent bundle of S2is

TS*={(y,v)€ R*> x R: |y| = 1,{y,v) = 0}, 1)

where |,|" and "(, )" denote the norm and inner product in R3, respectively, see [15].

Definition 2. Let I': 1 — M be a smooth curve. Here Mrepresents a hypersurface in R3. I' is defined as an
integral curve of X

ar(s) _

— =X(I'®). (2
Here X is taken as tangent vector field on M, see [2]. Let TM be a subset of TS?, defined by
TM={(7,9)€ R® x R*: |y| = 1,(7,9) = 0}. ®)
Here ¥ and o are the derivatives of y and v, respectively.

Definition 3. For the curver’, Tis defined as the natural lift of 'on TM,which produces in the equation:

F(s) = 7(5), 9())= W (S)y(5) P (S)is))- (4)
Accordingly, we can write
@ = %(ﬁ(s)l’(s)) = Do '(s). (5)

Here D refers the Levi-Civita connection in R3. We have
THM = UT,M,p € M, (6)

where Tp1\71 is taken as the tangent space of M at p, see [2]. Here y(M) is defined as the space of vector
fields on the hypersurface M. Assume that {T'(s), N(s), B(s)} and {T(s), N(s), B(s)} are Frenet frames of

the curve I'(s) and the natural lift I"(s), respectively. The following figure is about the representation of
natural lift curve:
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=

o
=
v

F(I'(s))

F(s) = (7(5).7(s)) = (7 (S)y sy ¥(S)u(s))
Figure 1. The natural lift curve of the main curve I'(s)
In Figure 1,
F:M->TM
and
Fop: TyM > Tp () (TM)

are transformations among M, TM, T, M and Ty, (TM).
For one-parameter family lines {3 (s), w(s)}, the ruled surface obtained by the set {3 (s), w(s)} is

d(s,v) =B(s) +v.w(s),s €I, vER. )

The striction curve is defined as:

Bs) = Bls) L 1), .

The striction curve 5(s) is congruent with the base curve B(s) if the multiplication E(s)and w(s) is equal
to zero.

Definition 4. Let M be a hypersurface in R3. Nis the unit normal vector of M. For every x € y(M),

S: x(M) - x (M),
X - S(X) = DyN

is called Weingarten map (shape operator) on M. Here D is Riemannian connection in R3, see [4].
Definition 5. Assume that N is unit orthogonal vector field on M.

Sp: TyM — T, M,
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X = S(X) = DyN
is called Weingarten map at for each point p on M , see [4]. The unit normal vector of M is defined as

01X 0y
101 % 3,1l

Definition 6. Let M be a hypersurface in R3.

K:M - R,
p » K(p) = det(S(p))

is called Gaussian curvature on M. Here S(p) is the shape operator at each point p, see [4].

Definition 7. Let M be a hypersurface in R3.

H:M - R,

p=H(p)= %Tr(S(p))

is called mean curvature on M, see [4].

3. RULED SURFACES OBTAINED BY NATURAL LIFT CURVES AND UNIT DUAL SPHERE
This section deals with some properties and theorems about the dual vectors. Moreover, the correspondence
between the unit dual sphere, DS?, and the subset of the tangent bundle of unit 2-sphere, TM is given.
The set of dual numbers is given as

ID ={X =x+e&x*:(x,x*) ERX R, = 0}.

Here x and x*are real and dual parts of X.If ¥ and X¥* are vectors in R3, then X = ¥ + ex*is called dual

vector. Let X = % + ex* and ¥ = § + * be dual vectors. The addition, inner product and vector product
are defined as follows:
the addition is given as:

X+Y=G+9) +e@E +5),

and their inner product is

<X Y >= (%7 +e(F,9) +(Z,7)).
Also the vector product is given as
XIxV=@xP) +e@ XF+XxF,
where" x " is vector product in R3.

The norm of X = X + ex* is represented as:

(2,%7)

(x,%) ©)
The norm of X exists only for x # 0. If the norm of Xis equal to 1, the dual vector is called unit dual vector.

> S

Namely, (x, ¥) = 1and (X, X*) = 0 are satisfied.

|X| = &, %)+ ¢
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The unit dual sphere which consists of the all unit dual vectors is defined as:
DS? ={X =% +ex* € ID3:|X| = 1}. (10)

For detailed information for dual vectors, see [1]. The correspondence between the unit dual sphere and the
tangent bundle of unit 2-sphere of the natural lift curve is given via equation (1) and equation (10):

TM - DS?,

r=0)w»T=7+¢w.

Theorem 1. (E. Study mapping) There exists one-to-one congruence between the points of DS?and the
oriented lines in R3, see [1].

Theorem 2. Assume that ﬁ(s) = 7(5) + e (szis a natural lift curve on DS? with parameter s. In R3, the
ruled surface obtained by the natural lift curve I'(s) can be represented as

¢ (s,9) = 7(s) X 0(s) +9.7(s), (11)
where
B(s) = 7(s) x u(s) 12)

is defined as the base curve of @, see [5].

Definition 8. Let @ be a ruled surface in R3. Assume that E = {X, Y} is orthonormal base of y(¢), where
X is the tangent vector field of the rulling at the point P € M. The matrix

_[<sX),X> <SY),X>

53 = <S(X),Y> <S()Y>

is called Weingarten map (shape operator) on @, see [12].
Furthermore, the standart unit normal vector field of @ is represented as:

_ P Xy
1= 7= = I
|65 x |
The Gaussian curvature and mean curvature of @ are represented as:

_LN—M2
" EG — F?

and

_ LG +EN —2MF
~ 2(EG-F?%) '’

Ty T T Ty H det(¢ps,Pv.Pss
where E =< ¢, s >, F =< ¢, ¢y > and G =< ¢y, Py, >, respectively. Also L = % M=
det(ps, v, Psv) and N = det(¢ps, v, Pvv)

VEG-F? VEG-F? -
Moreover, the isomorphism among TM, DS?and R3 can be given as:

are taken for calculations, see [11].

TM - DS? - R3,
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[(s) = (7(s),5(s)) = I'(s) = 7(s) + 0(s) = P(s5,9) = 7(s) X 6(s) + 9.7(s).
Using equation (12), we get the derivative of (s):

B(s) = 7(s) X B(s) + 7(s) X 5(s) = ¥(5). B(s) = 0.

By taking y(s) as unit, the developability condition is calculated as follows:

det(B(), 7(5), 7)) = (7(s) X 3(5) +F(s) X D(s).¥(5)
= (7(s), () = 0. 5

Corollary 1. Assume that ﬁ(s) = )7(5) + b (s) is natural lift curve on DS2.The ruled surface obtained by
natural lift curve is developable if and only if

F(s), 5(s)) = 0.

The proof is a result of equation (13).

Proposition 1. Assume thatﬁ(s) = )7(5) + D (s) is natural lift curve of the curve on DS2. The ruled

surface obtained by the natural lift curve is developable if and only if ﬁ(s) and 7(s) have the same arc-
length parameter.

Proof. Assume that I'(s) = 7(s) + i (s)is natural lift curve on DSZ2. The norm of I'(s) is defined in the
following equation:

{¥(s),0(s))
|H@|,ﬂﬂ@yﬁn+ﬁ;;z; (14)

The arc-length parameter is

N

S, = =
=.[ |f(s)|ds=s+s FEIE) (15)
0

) (TOFE

Using Corollary 1, the developability condition is given as follows:

(7(s), ¥(s)) = 0.
Consequently, we obtain
§=s.

Therefore, r (s) and ?(s) have the same arc-length parameter.

4. TANGENT BUNDLE OF UNIT 2-SPHERE OF NATURAL LIFT CURVES AND RULED
SURFACES

This section deals with the developability condition for ¢in R3obtained by a smooth curve I' = (y,7) €
TM.
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Proposition 2. Assume that I’ = (7, D) is the natural lift curve of in TM. The ruled surface obtained by the
natural lift curve is developable if and only if

(7(), () = 0.
The proof is a result of Corollary 1.

Proposition 3. Let I' = (7, 0)be a natural lift curve in TM. The pair (7, )is an involute-evolute curve pairs
iff the ruled surface obtained by the curve I is developable.

Proposition 4. Assume that I" = (¥, )be a natural lift curve in TM. Provided that the pair (5,7) is an
involute-evolute curve pairs, the striction curve B and the base curve 3 (s) of @ (s, v)obtained by the natural
lift curve are congruent.

Example 1. Let us take y(s) = (—sins, coss, 0) on M and the vector 7(s) = (coss, sins, 5)in R*. Because
l[¥(s)| = 1and < y,0 >= 0, the natural lift ' = (y,v) is in TM. The ruled surface obtained by the natural
lift curve I'in R3is

d(s,v) =7(s) X 0(s) + v.7(s) = (5coss — v.sins, —5sins + v. coss, —1).
Here the base curve is
B(s) = (5coss, 5sins, —1).

Moreover, we obtain < y¥(s),v(s) >= 0. Therefore, the ruled surface obtained by the curve I'(s) is
developable. The natural lift curve and the ruled surface generated by the natural lift curve are represented
in Figure 2 as follows:

Figure 2. The natural lift curve and the ruled surface obtained by the natural lift curve I'(s)

Let us calculate the shape operator and Gaussian curvature of ¢:

¢(s,v) = (5coss — v.sins, —5sins + v. coss, —1),

¢s(s,v) = (—5sins — v. coss, 5coss — v.sins, 0),
¢, (s,v) = (—sins, coss, —1).

Since < ¢, ¢, >= 5 # 0,the set {¢s, P, }is not orthogonal base. So, we will resolve these vectors to an
orthonormal base byusing Gramm-Schmidt method. Then we calculate the matrix of shape operator with
this orthonormal base.

For ¢ and ¢,, the orthonormal base is
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o _ (5sins — v. coss, 5coss — v.sins, 0)

E )
Lo |¢S| V25 + v?

g o _ (5.vcoss — v2.sins, 5. vsins + v2. coss, —v? — 25)
2 =

|6 (V25 + 202) (V25 + v2)

From these equations, we obtain < E;, E, >= 0. The normal vector N of the surface is

N = E1 X Ez,
_ (vsin s — 5coss —b5sins — vcoss v )
V2vZ+25 = 2vZ+25 ‘\2vZ+25/

Therefore, the shape operator is

S(El) = Al'El + Az.Ez,
S(Ez) = iy Ey + py. Es,

Where /11 det(‘bss' ¢s' ¢v) /12 U = det(¢sv' ¢s' ¢v) U =

|51 |¢ | 15121160, s ||a> 13
taken for calculations of the coefficients for shape operator. After some calculations, we obtain

———det(P,,, D5, D,) are

(= )
VINZS + 02 2.(25+P)

S =
-5 —V25 + v?
2.(25+v?) 242
The Gaussian curvature K is
K = det(S)
K= v?
© 4.(25 + v2)

The mean curvature H is

1
H = EtT(S),
_(=v?+27)
42425 + v2

5. CONCLUSION

E. Study mapping plays an important role to construct correspondence between Euclidean space and dual
space. In this paper, the isomorphism between the subset of unit 2-sphere, TM, and unit dual sphere, DS?is
constructed. Then we obtain ruled surfaces generated by the natural lift curves in R3. Using these results,
it is possible to model motions by using the natural lift curves on the subset of unit 2-sphere instead of the
unit dual sphere. Natural lift curves on TMcan also be used to modeling motions in R3.
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