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Highlights 

• We characterized each of local �̅�3 (resp. 𝑇3′, 𝑆�̅�3, 𝑆𝑇3′) constant filter convergence spaces.  

• We investigated the relationships among these various forms. 

• We showed that the categories �̅�3𝐶𝑜𝑛𝐹𝐶𝑂 and 𝑆�̅�3𝐶𝑜𝑛𝐹𝐶𝑂 were isomorphic categories. 

• We showed that the categories 𝑇3′𝐶𝑜𝑛𝐹𝐶𝑂 and 𝑆𝑇3′𝐶𝑜𝑛𝐹𝐶𝑂 were isomorphic categories. 
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Abstract 

In this paper, we characterize each of local 𝑇3(resp. 𝑇3′, 𝑆�̅�3, 𝑆𝑇3′) constant filter convergence 

spaces and investigate the relationships among these various forms. We show that the full 

subcategories �̅�3𝐶𝑜𝑛𝐹𝐶𝑂 and 𝑆�̅�3𝐶𝑜𝑛𝐹𝐶𝑂 (resp. 𝑇3′𝐶𝑜𝑛𝐹𝐶𝑂 and 𝑆𝑇3′𝐶𝑜𝑛𝐹𝐶𝑂) of 𝐶𝑜𝑛𝐹𝐶𝑂 are 

isomorphic categories. Moreover, we show that if a constant filter convergence space (B,K) is �̅�3 

(resp. 𝑇3
′ , 𝑆�̅�3 or 𝑆𝑇3′) at p and M⊂B with p∈M, then M is �̅�3 (resp. 𝑇3

′ ) at p. 

 

 

Received: 05/08/2019 

Accepted: 24/12/2019 

 

 

Keywords 

Topological category 

Convergence spaces  

PreHausdorff spaces 

𝑇3 spaces 

 

 

1. INTRODUCTION 

 

Filters are first defined in the papers of Cartan [1,2] and play an important role in defining convergence in 

a manner similar to the role of sequences in a metric space. In 1978, Schwarz [3] introduced the category 

of constant filter convergence spaces which is isomorphic to the category of Grill spaces. 

 

In 1991, Baran [4] gave a generalization of local 𝑇0 and 𝑇1 axioms of topology to topological categories. 

Local 𝑇2 objects are defined in terms of local 𝑇0 objects [4] and local 𝑇1 are used to define the notion of 

closedness [5] in arbitrary topological categories. Furthermore, local 𝑇1 is used to define the local 𝑇3 and 

𝑇4 separation properties in arbitrary topological categories [4]. 

  

2. PRELIMINARIES 

 

Let B be a non-empty set and F(B) be the set of filters on B. A filter α∈F(B)  is called proper (improper) iff 

∅ ∉α (resp. ∅ ∈α).  
(𝐵, 𝐾) is called a constant filter convergence space if the map K:B⟶P(F(B)) satisfies:  

 

(1) [𝑥] ∈ 𝐾, ∀x∈B, where for U ⊂B and [𝑈] ={ V⊂B: U⊂V }, 

 

(2) if 𝛼 ∈ 𝐾 and 𝛼 ⊂ 𝛽, then 𝛽 ∈ 𝐾. 

Let (𝑋, 𝐾) and (𝑌, 𝐿) be constant filter convergence spaces and f:X⟶Y be a function. Then f is said to be 

continuous  if for any 𝛼 ∈ 𝐾 implies f(𝛼)∈L, where 
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https://en.wikipedia.org/wiki/Sequence
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𝑓(𝛼) = {𝑈 ⊂ 𝑋: ∃𝐴 ∈ 𝛼 such that 𝑓(𝐴) ⊂ 𝑈 } ). 

 

Let 𝑪𝒐𝒏𝑭𝑪𝑶 be the category of constant filter convergence spaces and continuous maps [3]. Note that the 

category 𝑪𝒐𝒏𝑭𝑪𝑶 is a normalized topological category [6].  

 

Definition 2.1. A source { 𝑓𝑖: (𝐵, 𝐾) ⟶ (𝐵𝑖 , 𝐾𝑖), 𝑖 ∈ 𝐼 } in 𝑪𝒐𝒏𝑭𝑪𝑶 is an initial lift if and only if α∈K 

precisely when fi (α)∈ 𝐾𝑖 for all i ∈ I  [7]. 

 

Definition 2.2. An epi sink { 𝑓𝑖: (𝐵𝑖, 𝐾𝑖) ⟶ (𝐵, 𝐾), 𝑖 ∈ 𝐼 } is final if and only if α∈K implies there exists  

𝛽𝑖∈ 𝐾𝑖 such that fi (𝛽𝑖) ⊂ 𝛼 [7]. 

 

Definition 2.3. Let (𝐵, 𝐾) ∈ 𝑪𝒐𝒏𝑭𝑪𝑶.  𝐾={ [𝑎], 𝑃(𝐵) = [∅] ∶ 𝑎 ∈ 𝐵 } is the discrete structure on B. 

 

3. LOCAL T3 CONSTANT FILTER CONVERGENCE SPACES 

 

In this section, we give the characterization of local T3 constant filter convergence spaces and find out 

relationships amoung them. 

 

Let B be set with p∈B and 𝐵⋁𝑝𝐵 be the wedge at p [4]. Define 

 

𝑆𝑝: 𝐵 ∨𝑝 𝐵 ⟶ 𝐵2 by   𝑆𝑝(𝑥𝑖) = {
(𝑥, 𝑥), 𝑖 = 1
(𝑝, 𝑥), 𝑖 = 2

 ,     

                      

𝐴𝑝: 𝐵 ∨𝑝 𝐵 ⟶ 𝐵2  by  𝐴𝑝(𝑥𝑖) = {
(𝑥, 𝑝), 𝑖 = 1
(𝑝, 𝑥), 𝑖 = 2

 and 

 

∇𝑃∶  𝐵 ∨𝑝 𝐵 ⟶ 𝐵 by ∇𝑝(xi) = x for i =1, 2, 

where x1 (resp. x2) is in the first (resp. second) component of 𝐵⋁𝑝𝐵 [4,5]. 

 

Definition 3.1. ([4,5]) Let Set be the category of sets and functions, U: 𝓔 ⟶Set be a topological functor, 

and X be an object of 𝓔 with p∈ 𝑈(𝑋) =B.  

 

(1) If the initial lift of the U-source { 𝑆𝑝 ∶  𝐵⋁𝑝𝐵 ⟶ 𝑈(𝑋2) = 𝐵2  and  ∇𝑃: 𝐵⋁𝑝𝐵 ⟶ 𝑈𝐷(𝐵) = 𝐵 } is 

discrete, then X is called 𝑇1 at p, where D is discrete functor, 

  

(2) If the initial lift of the U-source 𝑆𝑝: 𝐵⋁𝑝𝐵 ⟶ 𝑈(𝑋2) = 𝐵2  and 𝐴𝑝: 𝐵⋁𝑝𝐵 ⟶ 𝑈(𝑋2) = 𝐵2 is agree, 

then X is called Pre�̅�2 at p, 

 

(3) If the initial lift of the U-source 𝑆𝑝: 𝐵⋁𝑝𝐵 ⟶ 𝑈(𝑋2) = 𝐵2 and the final lift of the U-sink  𝑖1, 𝑖2 ∶

 𝑈(𝑋) = 𝐵 ⟶ 𝐵⋁𝑝𝐵 is agree, then X is called 𝑃𝑟𝑒𝑇2′ at p, where 𝑖1, 𝑖2 are the canonical injections.  

 

Remark 3.2. Let (B,𝜏) is a topological space and p∈B. 𝑃𝑟𝑒𝑇2′ and 𝑃𝑟𝑒�̅�2 at p are equivalent and reduces 

to every x∈ 𝑋 with 𝑥 ≠p, the topological space ({x, p}, 𝛿) is not indiscrete, then the points x and p have 

disjoint neighborhoods [8]. 

 

Definition 3.3. ([4]) Let U: 𝓔 ⟶Set be a topological functor, X is an object of 𝓔 with p∈ 𝑈(𝑋) and 𝑋/𝐹 

be the final lift of the epi U-sink 

 

𝑞: 𝑈(𝑋) = 𝐵 ⟶ 𝐵/𝐹 = (𝐵\𝐹) ∪ {∗}, 

 

where q is the identity on 𝐵\𝐹 and identifying F with a point ∗ [4]. 
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(1) If X is 𝑇1 at p and 𝑋/𝐹 is 𝑃𝑟𝑒�̅�2 at p for every non-empty closed F in U(X) missing p, then X is called 

�̅�3 at p, 

 

(2) If X is 𝑇1 at p and 𝑋/𝐹 is 𝑃𝑟𝑒𝑇2′ at p for ∅ ≠F⊂U(X) closed with p∉ 𝐹, then X is called 𝑇3′ at p, 

 

(3) If X is 𝑇1 at p and 𝑋/𝐹 is 𝑃𝑟𝑒�̅�2 at p for ∅ ≠F⊂U(X) closed with p∉ 𝐹, then X is called 𝑆�̅�3 at p, 

 

(4) If X is 𝑇1 at p and 𝑋/𝐹 is 𝑃𝑟𝑒𝑇2′ at p for ∅ ≠F⊂U(X) closed with p∉ 𝐹, then X is called 𝑆𝑇3′ at p. 

 

Note that if (B,𝜏) is a topological space and p∈B, then by Theorem 2.1 of [8], all of 𝑇3′ at p, �̅�3 at p, 𝑆𝑇3′ at 

p, and 𝑆�̅�3 at p are same. 

 

Remark 3.4. Let α, β∈ 𝐹(A) and 𝑓: 𝐴 ⟶ 𝐵 be a function. Then 

 

(1) 𝑓(𝛼 ∩ 𝛽)= 𝑓(𝛼) ∩ 𝑓(𝛽), 

 

(2) 𝑓(𝛼) ∪ 𝑓(𝛽) ⊂ 𝑓(𝛼 ∪ 𝛽), 

 

(3) 𝑓−1𝑓𝛼 ⊂ 𝛼. 

 

Lemma 3.5. ([9,10]) Let B be a set, ∅ ≠F⊂B, α, 𝛽, 𝜎 ∈ 𝐹(𝐵), and 𝑞: 𝐵 ⟶ 𝐵/𝐹 be identification map 

defined above. 

 

(1) For 𝑎 ∉ 𝐹, 𝑞𝛼 ⊂ [𝑎] iff 𝛼 ⊂ [𝑎], 
 

(2) 𝑞𝛼 ⊂ [∗] iff α∪[𝐹] is proper, 

 

(3) α∪[𝐹] is not proper, then 𝑞𝜎 ⊂ 𝑞𝛼 iff 𝜎 ⊂ 𝛼, 

 

(4) α∪[𝐹] is proper, then 𝑞𝜎 ⊂ 𝑞𝛼 iff 𝜎∪[𝐹] is proper and 𝜎 ∩ [𝐹] ⊂ 𝛼, 

 

(5) 𝑞𝛼∪ 𝑞𝛽 is proper iff 𝛼 ∪ 𝛽 is proper or 𝛼∪[𝐹] and 𝜎∪[𝐹] are proper. 

 

Theorem 3.6. Let (B, K) be a constant filter convergence space with p∈B. 

(1) (B,K) is 𝑇1 at p iff [𝑥] ∩ [𝑝] ∉ 𝐾, ∀ 𝑥 ∈ 𝑋 with 𝑥 ≠ 𝑝,  

 

(2) (B,K) is 𝑝𝑟𝑒�̅�2 at p iff the conditions (i) and (ii) are satisfied, where  

 

(i) If 𝛼,𝛽 ∈ 𝐾𝑝, then 𝛼 ∩ 𝛽 ∈ 𝐾𝑝, where 𝐾𝑝 = { 𝛼: 𝛼 ⊂ [𝑝] and 𝛼 ∈ 𝐾 }, 

 

(ii) For any 𝛼 ∈ 𝐾𝑝 and 𝛽 ∈ 𝐾 if 𝛼 ∪ 𝛽 is proper, then β∩ [𝑝] ∈ 𝐾, 

 

(3) (B,K) is 𝑝𝑟𝑒𝑇2′ at p if and only if 𝐾𝑝 = {[𝑝]}.  

 

Proof. (1) (resp. (2)) is proved in [5] (resp. [11] ).  

 

(3) Suppose (B,K) is 𝑝𝑟𝑒𝑇2′ at p and α∈ 𝐾 with 𝛼 ⊂ [𝑝]. In Theorem 3.15 of [10], let 𝛼1 = 𝛼 = 𝛼2. Note 

that 𝛼1 ∪ 𝛼3 = 𝛼 is proper,  

 

𝛼1 = 𝛼 ⊃ 𝛼3 ∩ [𝑝] = 𝛼. 
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Hence by Theorem 3.15 of [9], we have a proper filter 𝜎 on 𝐵⋁𝑝𝐵 so that 𝜋1𝑆𝑝𝜎 = 𝛼 = 𝜋2𝑆𝑝𝜎. Since 

(B,K) is 𝑝𝑟𝑒𝑇2′ at p, by Definition 3.1, 𝜎 ⊃ 𝑖1𝜎1 or 𝜎 ⊃ 𝑖2𝜎1 for some 𝜎1 ∈ 𝐾.  

 

If  𝜎 ⊃ 𝑖1𝜎1, then 𝜋2𝑆𝑝𝜎 = 𝛼 ⊃ 𝜋2𝑆𝑝𝑖1𝜎1 = [𝑝] and consequently 𝛼 = [𝑝].  

 

If 𝜎 ⊃ 𝑖2𝜎1, then 𝜋1𝑆𝑝𝜎 = 𝛼 ⊃ 𝜋1𝑆𝑝𝑖1𝜎1 = [𝑝] and consequently 𝛼 = [𝑝]. Hence, 𝐾𝑝 = {[𝑝]}.  

 

Conversely, suppose 𝐾𝑝 = {[𝑝]} and 𝜎 is a filter on 𝐵⋁𝑝𝐵, and 𝐾𝑆𝑝
be the constant filter structure on 𝐵⋁𝑝𝐵 

induced by 𝑆𝑝 and 𝐾𝑊 be structure on 𝐵⋁𝑝𝐵 induced by the maps 𝑖1, 𝑖2: (B,K)⟶  𝐵 ∨𝑝 𝐵.  We show that 

𝐾𝑆𝑝
=𝐾𝑊. 

 

Suppose 𝜎 ∈ 𝐾𝑆𝑝
. By Definition 2.1,  𝜋1𝑆𝑝𝜎 ∈ 𝐾  and 𝜋2𝑆𝑝𝜎 ∈ 𝐾. In Theorem 3.15 of [9], let 𝛼1 = 𝜋1𝑆𝑝𝜎 

and 𝛼3 = 𝜋2𝑆𝑝𝜎.  

 

In case of (1) of Theorem 3.15 of [9], we have  

 

𝜋1𝑆𝑝𝜎=[𝑝] and (𝜋1𝑆𝑝𝜎)∪(𝜋2𝑆𝑝𝜎 ) 

 

is improper. It follows easily that 𝜎 ⊃ 𝑖2𝜋2𝑆𝑝𝜎. Indeed, if 𝑈 ∈ 𝑖2𝜋2𝑆𝑝𝜎, then  𝑈 ⊃ 𝑖2𝜋2𝑆𝑝(𝑊) for some 

W= 𝑈1 ∨𝑝 𝑈2 ∈ 𝜎. Since 𝜋1𝑆𝑝𝜎=[𝑝] and 𝜋2𝑆𝑝𝜎 ⊄ [𝑝], we may assume 𝑈1 = ∅. Hence,  

 

W=𝑈2 = 𝑖2𝜋2𝑆𝑝(𝑊) ⊂ 𝑈 

 

and consequently, 𝑈 ∈ 𝜎 and 𝜎 ⊃ 𝑖2𝜋2𝑆𝑝𝜎. 

 

In case of (2) of Theorem 3.15 of [9], 𝜋1𝑆𝑝𝜎 ⊄ [𝑝] and 𝜋1𝑆𝑝𝜎= 𝜋2𝑆𝑝𝜎. By using similar argument above 

it is easy that 𝜎 ⊃ 𝑖1𝜋1𝑆𝑝𝜎.    

 

In case of (3) of Theorem 3.15 of [9], we have  

 

[𝑝] ⊃ 𝜋1𝑆𝑝𝜎, (𝜋1𝑆𝑝𝜎)∪(𝜋2𝑆𝑝𝜎 ) 

 is proper and  

𝜋1𝑆𝑝𝜎 ⊃ (𝜋2𝑆𝑝𝜎 ) ∩ [𝑝]. 
 

Note that 𝜋1𝑆𝑝𝜎 ∈ 𝐾, [𝑝] ⊃ 𝜋1𝑆𝑝𝜎 and by assumption, 𝜋1𝑆𝑝𝜎=[𝑝] and consequently, 𝜋2𝑆𝑝𝜎=[𝑝] since 

 

(𝜋1𝑆𝑝𝜎)∪(𝜋2𝑆𝑝𝜎 ) = [𝑝]∪(𝜋2𝑆𝑝𝜎 ) 

 is proper iff  

[𝑝] ⊃ 𝜋2𝑆𝑝𝜎 

and  

 𝜋2𝑆𝑝𝜎 ∈ 𝐾. 

 

Hence, 𝜎 = [𝑝1] = 𝑖1[𝑝], where 𝑝1 ∈ 𝐵⋁𝑝𝐵. Consequently, 𝜎 ∈ 𝐾𝑊 which shows that 𝐾𝑆𝑝
⊂ 𝐾𝑊.  

Suppose 𝜎 ∈ 𝐾𝑊. By Definition 2.2, there exists 𝜎1 ∈ 𝐾 such that 𝜎 ⊃ 𝑖1𝜎1 or 𝜎 ⊃ 𝑖2𝜎1.  

 

If 𝜎 ⊃ 𝑖1𝜎1, then  

𝜋1𝑆𝑝𝜎 ⊃ 𝜋1𝑖1𝜎1 = 𝜎1 

and 

𝜋2𝑆𝑝𝜎 ⊃ 𝜋2𝑆𝑝𝑖2𝜎1 = 𝜎1 

 

and consequently 𝜋𝑖𝑆𝑝𝜎 ∈ 𝐾, i=1, 2. By Definition 2.1, 𝜎 ∈ 𝐾𝑆𝑝
.  
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If 𝜎 ⊃ 𝑖2𝜎1, then 

𝜋1𝑆𝑝𝜎 ⊃ 𝜋1𝑆𝑝𝑖2𝜎1 = [𝑝] 
and  

𝜋2𝑆𝑝𝜎 ⊃ 𝜋2𝑆𝑝𝑖2𝜎1 = 𝜎1, 

 

and consequently 𝜋𝑖𝑆𝑝𝜎 ∈ 𝐾, i=1,2, i.e., 𝜎 ∈ 𝐾𝑆𝑝
. Hence, 𝐾𝑊 ⊂ 𝐾𝑆𝑝

 and consequently 𝐾𝑊 = 𝐾𝑆𝑝
. By 

Definition 3.1, (B,K) is 𝑝𝑟𝑒𝑇2′ at p. 

 

Lemma 3.7 Let (B,K) be a constant filter convergence space and ∅ ≠ 𝐹 ⊂ 𝐵. The following are equivalent: 

 

(1) 𝐹 is strongly closed, 

 

(2) F is closed, 

 

(3) 𝛼 ⊄ [𝑎] or α∪[𝐹] is improper for any 𝑎 ∈ 𝐵 with 𝑎 ∉ 𝐹 and ∀ 𝛼 ∈ 𝐾.  

 

Proof. It is proved in [5]. 

 

Theorem 3.8 Let (B,K) be a constant filter convergence space with p∈ 𝐵. The following are equivalent: 

 

(1) (B,K) is 𝑆�̅�3 at p, 

 

(2)  (B,K) is �̅�3 at p, 

 

(3) Conditions (i)-(iii) are satisfied, where 

 

(i) For any 𝑥 ∈ 𝐵 with 𝑥 ≠ 𝑝, [𝑥] ∩ [𝑝] ∉ 𝐾, 

 

(ii) If 𝛼,𝛽 ∈ 𝐾𝑝, then 𝛼 ∩ 𝛽 ∈ 𝐾𝑝, where 𝐾𝑝 = { 𝛼: 𝛼 ⊂ [𝑝] and 𝛼 ∈ 𝐾 }, 

 

(iii) For any α ∈ 𝐾𝑝, 𝛽 ∈ 𝐾 and ∅ ≠F⊂B closed with 𝑝 ∉F, if α ∪ 𝛽 is proper or β ∪[𝐹] and α∪[𝐹] are 

proper, then β∩ [𝑝] ∈ 𝐾. 

 

Proof. By Lemma 3.7 and by Definition 3.3, a constant convergence space (B,K) is �̅�3 at p iff (B,K) is 𝑆�̅�3 

at p. Hence, (1)⟺(2).  

 

We need to show that (2)⟺(3). Suppose (B,K) is �̅�3 at p. By Definition 3.3, in particular, (B,K) is 𝑇1 at p 

and by Theorem 3.7(1), [𝑥] ∩ [𝑝] ∉ 𝐾, ∀ 𝑥 ∈ 𝐵 with 𝑥 ≠ 𝑝.  

 

Suppose 𝛼,𝛽 ∈ 𝐾𝑝. Then 𝑞𝛼, 𝑞𝛽 ∈ 𝐾′ and 𝑞𝛼 ⊂ [𝑝], 𝑞𝛽 ⊂ [𝑝], where 𝐾′ is the final constant filter 

structure on 𝐵/𝐹. Since (B,K) is �̅�3 at p, by Definition 3.3, (𝐵/𝐹, 𝐾′) is 𝑝𝑟𝑒�̅�2 at p for ∅ ≠F⊂B closed 

with 𝑝 ∉F and by Theorem 3.6(2), 

 

𝑞(α ∩ 𝛽) = 𝑞(α) ∩ 𝑞(𝛽) ∈ 𝐾𝑝′. 

 

By Definition 2.2, there exists 𝛿 ∈ 𝐾 such that 𝑞(𝛿) ⊂ 𝑞(α ∩ 𝛽). Since α ∩ 𝛽 ⊂ [𝑝] and F is closed,. by 

Lemma 3.7,  

 

(α ∩ 𝛽) ∪ [𝐹] 
 

 is improper and Lemma 3.5(3), 𝛿 ⊂ α ∩ 𝛽 which shows that α ∩ 𝛽 ∈ 𝐾 and consequently,  

α ∩ 𝛽 ∈ 𝐾𝑃. 
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Suppose that for any 𝛼 ∈ 𝐾𝑝 and 𝛽 ∈ 𝐾, α ∪ 𝛽 is proper or 𝛽 ∪[𝐹] and α∪[𝐹]are proper for ∅ ≠F⊂B closed 

with 𝑝 ∉F. Note that 𝑞𝛼, 𝑞𝛽 ∈ 𝐾′ and by Lemma 3.5 (5), 𝑞𝛼 ∪ 𝑞𝛽 is proper and 𝑞𝛼 ⊂ [𝑞(𝑝)] = [𝑝]. Since 

(𝐵/𝐹, 𝐾′) is 𝑝𝑟𝑒�̅�2 at p, by Theorem 3.6(2), 𝑞(α) ∩ [𝑝] ∈  𝐾′. By Definition 2.2, there exists 𝛿 ∈ 𝐾 such 

that 

𝑞(𝛿) ⊂ 𝑞(𝛽) ∩ [𝑝] = 𝑞(𝛽 ∩ [𝑝]). 

Since 𝛽 ∩ [𝑝] ⊂ [𝑝] and F is closed by Lemma 3.7,  (𝛽 ∩ [𝑝]) ∪ [𝐹] is improper and by Lemma 3.5(3), 

𝛿 ⊂ 𝛽 ∩ [𝑝] and consequently, 𝛽 ∩ [𝑝] ∈ 𝐾. As a result, (iii) is proved.  

Conversely, suppose that the conditions (i)-(iii) hold. By the condition (i) and Theorem 3.6(1), (B,K) is 𝑇1 

at p. By Definition 3.3, we need to show that (𝐵/𝐹, 𝐾′) is 𝑝𝑟𝑒�̅�2 at p for ∅ ≠F⊂B closed with 𝑝 ∉F, where 

𝐾′ is a structure on B/F. Suppose that 𝛼,𝛽 ∈ 𝐾′ with α ⊂ [𝑝] and 𝛽 ⊂ [𝑝]. By Definition 2.2, 𝛼1, 𝛽1 ∈ 𝐾 

such that  

𝑞𝛼1 ⊂ α ⊂ [𝑝] = 𝑞[𝑝] 
and  

𝑞𝛽1 ⊂ 𝛽 ⊂ [𝑝] = 𝑞[𝑝]. 

Since 𝑝 ∉F, 𝑞𝛼1 ⊂ [𝑝] and 𝑞𝛽1 ⊂ [𝑝], by Lemma 3.5(1), we get 𝛼1 ⊂ [𝑝] and 𝛽1 ⊂ [𝑝]. By the condition 

(ii), 𝛼1 ∩ 𝛽1 ∈ 𝐾𝑝 and consequently, α ∩ 𝛽 ∈ 𝐾𝑝′.   

 

Now suppose that α ∈ 𝐾𝑝′ and 𝛽 ∈ 𝐾′ with α ∪ 𝛽 is proper. By Definition 2.2, there exists 𝛼1, 𝛼2 ∈ 𝐾 such 

that 𝑞𝛼1 ⊂ α, 𝑞𝛼2 ⊂ 𝛽 and 𝑞𝛼1 ⊂ [𝑝] = [𝑞(𝑝)]. 
 

Since α ∪ 𝛽 is proper, then 𝑞𝛼1 ∪ 𝑞𝛼2 is proper and by Lemma 3.5(5), we have either 𝛼1 ∪ 𝛼2 is proper or 

𝛼1 ∪ [𝐹] and 𝛼2 ∪ [𝐹] are proper. Note that 𝛼1 ⊂ [𝑝] and 𝛼2 ∈ 𝐾.  If 𝛼1 ∪ 𝛼2 is proper, the by the condition 

(iii), we have 𝛼2 ∩ [𝑝] ∈ 𝐾. So,  𝑞(𝛼2 ∩ [𝑝] ) ∈ 𝐾′, and  𝛽 ∩ [𝑝] ∈ 𝐾′.  

 

Suppose 𝛼1 ∪ [𝐹] and 𝛼2 ∪ [𝐹] are proper. Since F is closed, by Lemma 3.7, 𝛼1 ⊂ [𝑝] and 𝛼2 ⊂ [𝑝]. By 

the condition (ii),    𝛼1 ∩ 𝛼2 ∈ 𝐾𝑝 and consequently, 𝛽 ∩ [𝑝] ∈ 𝐾.  

 

Theorem 3.9 Let (B, K) be a constant filter convergence spaces with p∈ 𝐵. The following are equivalent: 

(1)  (B,K) is 𝑆𝑇3′ at p, 

 

(2) (B,K) is 𝑇3′ at p, 

 

(3) [𝑥] ∩ [𝑝] ∉ 𝐾 for 𝑥 ∈ 𝐵, 𝑝 ∈ 𝐹 with 𝑥 ≠ 𝑝 and 𝐾𝑝 = { [𝑝] }, where ∅ ≠F⊂B is closed with 𝑝 ∉F and 

𝐾𝑝 = { 𝛼: 𝛼 ⊂ [𝑝] and 𝛼 ∈ 𝐾 }. 

 

Proof. By Lemma 3.7 and by Definition 3.3, (B,K) is 𝑆𝑇3′ at p iff  (B, K) is 𝑇3′ at p. Hence (1)⟺(2). 

 

Suppose (B,K) is 𝑇3′ at p. By Definition 3.3, in particular, (B, K) is 𝑇1 at p and by Theorem 3.6(1), [𝑥] ∩
[𝑝] ∉ 𝐾, ∀𝑥 ∈ 𝐵 with 𝑥 ≠ 𝑝.  

 

Suppose 𝛼 ∈ 𝐾 with 𝛼 ⊂ [𝑝] and ∅ ≠F⊂B is closed with 𝑝 ∉F, then it follows that 𝑞𝛼 ∈ 𝐾′ and 𝑞𝛼 ⊂
[𝑞(𝑝)] = [𝑝]. Since (B, K) is 𝑇3′ at p, (𝐵/𝐹, 𝐾′) is 𝑝𝑟𝑒𝑇2′  at p for ∅ ≠F⊂B closed with 𝑝 ∉F, by Theorem 

3.6(3), 𝑞𝛼 = [𝑝] and consequently, by Remark 3.4(3), 

 

𝛼 ⊃ 𝑞−1𝑞𝛼 = [𝑞−1(𝑝)] = [𝑝]. 
 

Hence, 𝛼 = [𝑝], i.e., 𝐾𝑝 = { [𝑝] }. 
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Suppose (3) holds. We show that (B,K) is 𝑇3′ at p. Suppose 𝑥 ∈ 𝐵 with 𝑥 ≠ 𝑝. If 𝑝 ∈ 𝐹, then by assumption, 
[𝑥] ∩ [𝑝] ∉ 𝐾. If 𝑝 ∉F and [𝑥] ∩ [𝑝] ∈ 𝐾, then [𝑥] ∩ [𝑝] ∈ 𝐾𝑝 and by assumption, [𝑥] ∩ [𝑝] = [𝑝] which 

means 𝑥 = 𝑝, a contradiction. Thus, [𝑥] ∩ [𝑝] ∉ 𝐾, ∀𝑥 ∈ 𝐵 with 𝑥 ≠ 𝑝. By Theorem 3.6(1), (B,K) is 𝑇1 at 

p.    

 

Next, we show that (𝐵/𝐹, 𝐾′) is 𝑝𝑟𝑒𝑇2′  at p for ∅ ≠F⊂B closed with 𝑝 ∉F. Suppose 𝛼 ∈ 𝐾𝑝′. By 

Definition 2.2, there exists 𝛽 ∈ 𝐾 such that 

𝑞𝛽 ⊂ 𝛼 ⊂ [𝑝] 
 

and by Lemma 3.5(1),  𝛽 ⊂ [𝑝] (since 𝑝 ∉F). Hence, 𝛽 ∈ 𝐾𝑝 and by assumption,  𝛽 = [𝑝]. It follows that 

𝑞(𝛽) = [𝑝] ⊂ 𝛼 and consequently, 𝛼 = [𝑝]. Hence, 𝐾𝑝′={ [𝑝] } and by Theorem 3.6(3), (𝐵/𝐹, 𝐾′) is 

𝑝𝑟𝑒𝑇2′  at p. Hence, by Definition 3.3, (B,K) is 𝑇3′ at p.  

 

Let 𝓔 be a topological category, X is an object of 𝓔 with p∈ 𝑈(𝑋). Note that by [3,12] if X is �̅�0 at p and 

𝑝𝑟𝑒𝑇2′ (resp. 𝑝𝑟𝑒�̅�2 )  at p, then X is called 𝐿𝑇2 (resp. �̅�2 ) at p.  

 

Remark 3.10 (1) Let 𝑻𝒐𝒑 be the category of topological spaces and (𝐵, 𝜏) ∈ 𝑻𝒐𝒑 with 𝑝 ∈ 𝐵. 
 

(i) By Remark 3.2, 𝐿𝑇2 at p and �̅�2 at p are same and reduces to 𝑇2 at p, i.e., every 𝑥 ∈ 𝐵, x≠p, then the 

points x and p have disjoint neighborhoods [8], 

 

(ii) 𝑇3′ at p ⟺  𝑆𝑇3′ at p ⟺  �̅�3 at p ⟺  𝑆�̅�3 at p ⟹ 𝐿𝑇2 at p ⟺  �̅�2 at p ⟹ 𝑇1 at p ⟹ �̅�0 at p,  

 

(iii) Let 𝑻𝟑𝑻𝒐𝒑 be the full subcategory of Top consisting of all local 𝑇3 topological spaces. By Theorem 

2.1 of [8], the categories �̅�𝟑𝑻𝒐𝒑, 𝑻𝟑′𝑻𝒐𝒑, 𝑺�̅�𝟑𝑻𝒐𝒑, and 𝑺𝑻𝟑′𝑻𝒐𝒑 are isomorphic.  

 

(2) Let (𝐵, 𝐾) ∈ 𝑪𝒐𝒏𝑭𝑪𝑶 with 𝑝 ∈ 𝐵. 
 

(i) By Theorems 3.8 and 3.9, 

 

𝑇3′ at p ⟺ 𝑆𝑇3′ at p ⟹ �̅�3 at p ⟺ 𝑆𝑇̅̅̅̅
3 at p, 

 

(ii) By Theorems 3.6 and 3.8, 

 

𝑆𝑇3′ at p ⟹ 𝑆�̅�3 at p ⟹ �̅�2 at p ⟹ 𝑇1 at p ⟺ �̅�0 at p, 

 

(iii) By (ii) and Theorems 3.6 and 3.9, 

 

𝑇3′ at p ⟹ 𝐿𝑇2 at p ⟺ 𝑝𝑟𝑒𝑇2′  at 𝑝 ⟹ �̅�2 at p ⟹ 𝑝𝑟𝑒�̅�2 at p 

 

but converse of each implication is not true. Take R, the set of reel numbers and K=F(R). By Theorem 3.6, 

(R, F(R)) is 𝑝𝑟𝑒�̅�2 at p for each p∈ 𝑅 but it is not �̅�2 at p.  

 

Let 𝐵 = {𝑥, 𝑦, 𝑧} and 𝐾 = {[𝑥], [𝑦], [𝑧], [∅], [𝑥] ∩ [𝑦]}. 

 

By Theorem 3.4 of [12] and Theorem 3.6, (B, K) is �̅�2 at z but (B, K) is not 𝑝𝑟𝑒𝑇2′ at z.    

    

(iv) Let 𝑻𝟑𝑪𝒐𝒏𝑭𝑪𝑶 be the full subcategory of 𝑪𝒐𝒏𝑭𝑪𝑶 whose objects are local 𝑇3 constant filter 

convergence spaces, where 𝑇3 = 𝑇3′, �̅�3, 𝑆�̅�3, and 𝑆𝑇3
′. By Theorems 3.8 and 3.9, 

 

(a)  �̅�𝟑𝑪𝒐𝒏𝑭𝑪𝑶  and 𝑺�̅�𝟑𝑪𝒐𝒏𝑭𝑪𝑶  are isomorphic categories, 

 

(b)  𝑻𝟑′𝑪𝒐𝒏𝑭𝑪𝑶  and 𝑺𝑻𝟑′𝑪𝒐𝒏𝑭𝑪𝑶 are isomorphic categories,  
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(3) Let 𝓔 be a normalized topological category and X be an object of 𝓔 with p∈ 𝑈(𝑋).  

(i) By Theorem 7 of [12], if X is 𝐿𝑇2 at p, then X is �̅�2 at p and by Theorems 2.7 and 2.8 of [10], if X is 

𝑝𝑟𝑒𝑇2
′ at 𝑝, then X is 𝑝𝑟𝑒�̅�2 at p. Moreover, by Theorem 2.8 of [10], if X is �̅�3 (resp. 𝑆�̅�3, 𝑇3

′, S𝑇3′), then X 

is �̅�3 at p (resp. 𝑆�̅�3 at p, 𝑇3
′ at p, S𝑇3

′ at p).  

 

(ii) Note that all objects of a set-based arbitrary topological category may be 𝑝𝑟𝑒�̅�2 at p. For example, it is 

shown, in [13], that all Cauchy spaces [14] are 𝑝𝑟𝑒�̅�2 at p. Also, 𝑝𝑟𝑒𝑇2
′ at 𝑝 objects could be only discrete 

objects [15]. 

 

(iii) Let 𝒑𝒓𝒆�̅�𝟐(𝓔) be the full subcategory of 𝓔 consisting of all 𝑝𝑟𝑒�̅�2 objects. By Theorem 3.4 of [16], 

𝒑𝒓𝒆�̅�𝟐(𝓔) is a topological category.  

 

Theorem 3.11 (1) If a constant filter convergence space (B,K) is �̅�3 (resp. 𝑇3
′ ) at p and M⊂B with p∈M, 

then M is �̅�3 (resp. 𝑇3
′ ) at p, 

 

(2) For all 𝑖 ∈ 𝐼 and 𝑝𝑖 ∈ 𝐵𝑖, (𝐵𝑖, 𝐾𝑖) is �̅�3 at pi if (𝐵 = ∏ 𝐵𝑖𝑖∈𝐼 , 𝐾) is �̅�3 at p= (𝑝1, 𝑝2, … ), where K is the 

product structure on B. 

 

Proof. (1) Let 𝑖: 𝑀 ⊂ 𝐵 be the inclusion map, 𝐾𝑀 be a structure on M induced from i, and [𝑥] ∩ [𝑝] ∈ 𝐾𝑀 

for 𝑥 ∈ 𝑀 with 𝑥 ≠ 𝑝. By Definition 2.1, 

 

𝑖([𝑥] ∩ [𝑝]) = 𝑖([𝑥]) ∩ 𝑖([𝑝]) = [𝑥] ∩ [𝑝] ∈ 𝐾 
 

for 𝑥 ∈ 𝑋 with 𝑥 ≠ 𝑝, a contradiction since (B,K) is �̅�3 (resp. 𝑇3
′ ) at p. Thus, [𝑥] ∩ [𝑝] ∉ 𝐾𝑀 for 𝑥 ∈ 𝑀. 

with 𝑥 ≠ 𝑝.  

 

Suppose 𝛼, 𝛽 ∈ (𝐾𝑀)𝑝. Then 𝑖(𝛼), 𝑖(𝛽) ∈ 𝐾, 𝑖(𝛼) ⊂ [𝑝], 𝑖(𝛽) ⊂ [𝑝] and by Theorem 3.8, 𝑖(𝛼 ∩ 𝛽) ∈ 𝐾𝑝. 

By Definition 2.1, 𝛼 ∩ 𝛽 ∈ (𝐾𝑀)𝑝.  

 

Suppose 𝛼 ∈ (𝐾𝑀)𝑝, 𝛽 ∈ 𝐾𝑀 and for ∅ ≠F⊂M closed with 𝑝 ∉F such that α ∪ 𝛽 is proper or β ∪[𝐹] and 

α∪[𝐹] are proper. 

 

By Definition 2.1, 𝑖(𝛼), 𝑖(𝛽) ∈ 𝐾𝑝,  𝑖(𝛼) ∪ 𝑖(𝛽) = 𝑖(𝛼 ∪ 𝛽) is proper or 

 

𝑖(𝛼)∪[𝑖(𝐹) = 𝐹] 
 

and 

 

𝑖(𝛽) ∪[𝑖(𝐹) = 𝐹] 
 

are proper. By Theorem 3.8, 𝑖(𝛽 ∩ [𝑝]) ∈ 𝐾 and by Definition 2.1, 𝛽 ∩ [𝑝] ∈ 𝐾𝑀. Hence, (𝑀, 𝐾𝑀) is �̅�3 at 

p. It remains to show that (𝐾𝑀)𝑝={[𝑝]}.  

 

Let 𝛼 ∈ (𝐾𝑀)𝑝 and for ∅ ≠F⊂M closed with 𝑝 ∉F. By Definition 2.1, 𝑖(𝛼) ∈ 𝐾𝑝 and by Theorem 3.9, 

𝐾𝑝={[𝑝]}.  

 

Thus, 𝑖(𝛼) = [𝑝] and Definition 2.1, 𝛼 = [𝑝]. Hence, (𝑀, 𝐾𝑀) is 𝑇3
′  at p. 

 

(2) Suppose that (𝐵 = ∏ 𝐵𝑖𝑖∈𝐼 , 𝐾) is �̅�3 at p. Since each (𝐵𝑖, 𝐾𝑖) is isomorphic to a subspace of (B,K), by 

Part (1), ∀𝑖 ∈ 𝐼, (𝐵𝑖 , 𝐾𝑖) is �̅�3 at 𝑝𝑖.  
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