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Highlights
« We characterized each of local T (resp. T3, STs, ST5') constant filter convergence spaces.
« We investigated the relationships among these various forms.
« We showed that the categories T;ConFCO and ST;ConFCO were isomorphic categories.
« We showed that the categories T;'ConFCO and ST;'ConFCO were isomorphic categories.
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1. INTRODUCTION

Filters are first defined in the papers of Cartan [1,2] and play an important role in defining convergence in
a manner similar to the role of sequences in a metric space. In 1978, Schwarz [3] introduced the category
of constant filter convergence spaces which is isomorphic to the category of Grill spaces.

In 1991, Baran [4] gave a generalization of local T, and T; axioms of topology to topological categories.
Local T, objects are defined in terms of local T, objects [4] and local T, are used to define the notion of
closedness [5] in arbitrary topological categories. Furthermore, local T; is used to define the local T; and
T, separation properties in arbitrary topological categories [4].

2. PRELIMINARIES
Let B be a non-empty set and F(B) be the set of filters on B. A filter a€F(B) is called proper (improper) iff

@ &a (resp. @ €a).
(B, K) is called a constant filter convergence space if the map K:B—P(F(B)) satisfies:

(1) [x] € K, vxeB, where for U cBand [U] ={ VcB: UcV },
(2) ifaeKanda c gB,thenf €K.

Let (X,K) and (Y, L) be constant filter convergence spaces and f:X—Y be a function. Then f is said to be
continuous if for any @ € K implies f(a)€L, where
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f(a)={Uc X:3A € asuchthat f(A) c U }).

Let ConFCO be the category of constant filter convergence spaces and continuous maps [3]. Note that the
category ConFCO is a normalized topological category [6].

Definition 2.1. A source { f;: (B,K) — (B;,K;),i € I} in ConFCO is an initial lift if and only if aeK
precisely when fi (a)€ K; forall i € I [7].

Definition 2.2. An epi sink { f;: (B;,K;) — (B,K),i €1 }is final if and only if a€K implies there exists
Bi€ K; such that fi (8;) € a [7].

Definition 2.3. Let (B,K) € ConFCO. K={[a], P(B) = [@] : a € B } is the discrete structure on B.
3. LOCAL T3 CONSTANT FILTER CONVERGENCE SPACES

In this section, we give the characterization of local T; constant filter convergence spaces and find out
relationships amoung them.

Let B be set with peB and BV, B be the wedge at p [4]. Define

x,x), =1
Sp: BVy, B — B2 by Sp(xi)z{gp 33 i=2"
Ay:BV, B — B2 by A,,(xQ:{E;’zg’ ;z;and

Vp: BV, B — B by Vp(xi) =xfori=1,2,
where x1 (resp. x2) is in the first (resp. second) component of BV,,B [4,5].

Definition 3.1. ([4,5]) Let Set be the category of sets and functions, U: € —Set be a topological functor,
and X be an object of € with pe U(X) =B.

(1) If the initial lift of the U-source { S, : BV,B — U(X?) = B? and Vp: BV,B — UD(B) =B } is
discrete, then X is called T, at p, where D is discrete functor,

(2) If the initial lift of the U-source S,,: BV,B — U(X?) = B* and A,: BV,,B — U(X?*) = B* is agree,
then X is called PreT, at p,

(3) If the initial lift of the U-source S,: BV,B — U(X?) = B? and the final lift of the U-sink iy, i :
U(X) = B — BV,,B is agree, then X is called PreT,’ at p, where iy, i, are the canonical injections.

Remark 3.2. Let (B,) is a topological space and peB. PreT,’ and PreT, at p are equivalent and reduces
to every Xxe X with x #p, the topological space ({x, p}, &) is not indiscrete, then the points x and p have
disjoint neighborhoods [8].

Definition 3.3. ([4]) Let U: € —Set be a topological functor, X is an object of € with pe U(X) and X/F
be the final lift of the epi U-sink

q:U(X) =B — B/F = (B\F) U {x},

where q is the identity on B\ F and identifying F with a point * [4].
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(1) IfXisT,atpand X/F is PreT, at p for every non-empty closed F in U(X) missing p, then X is called
T; atp,

(2) IfXisT, atpand X/F is PreT,’ at p for @ #FcU(X) closed with pg F, then X is called T5" at p,

(3) IfXisT, atpandX/F is PreT, at p for @ #FcU(X) closed with pg F, then X is called ST at p,

(4) IfXisT, atpand X/F is PreT,’ at p for @ #FcU(X) closed with p¢ F, then X is called ST5' at p.

Note that if (B,7) is a topological space and peB, then by Theorem 2.1 of [8], all of T5" at p, T; at p, ST;' at
p, and ST; at p are same.

Remark 3.4. Let o, B€ F(A) and f: A — B be a function. Then
D) flanp)=fl@)nfB),

2) fl@ufB) cflavup),

@®) fHfaca.

Lemma 3.5. ([9,10]) Let B be a set, @ #FcB, o, 8, 0 € F(B), and q: B — B/F be identification map
defined above.

(1) Fora &F, qa c [a] iffa c [a],

(2) qa c [#]iff aU[F] is proper,

(3) aU[F] is not proper, then qo c qa iff o C «,

(4) aU[F] is proper, then go c qa iff cU[F] is proper and o N [F] C a,
(5) qau qp is proper iff a U B is proper or aU[F] and cU[F] are proper.
Theorem 3.6. Let (B, K) be a constant filter convergence space with peB.
(1) BK)isTy atpiff [x] n[p] € K,V x € X with x # p,

(2) (B,K) is preT, at p iff the conditions (i) and (ii) are satisfied, where
(i) Ifap€Ky,thenanp €K, whereK, ={a:a c[planda € K },
(i) Forany @ € K, and 8 € K if a U 8 is proper, then BN [p] € K,

(3) (B/K)ispreT, atpifandonly if K, = {[p]}.

Proof. (1) (resp. (2)) is proved in [5] (resp. [11] ).

(3) Suppose (B,K) is preT," at p and a€ K with @ < [p]. In Theorem 3.15 of [10], let a; = @ = «,. Note
that a; U a3 = «a is proper,

a;=a>dazN[p]=a
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Hence by Theorem 3.15 of [9], we have a proper filter o on BV, B so that ;5,0 = a = m,S,0. Since
(B,K) is preT,’ at p, by Definition 3.1, ¢ D i, 0, or ¢ D i,0, for some o, € K.

If 0 > ij0q, thenm,S,0 = a D m,S,i;01 = [p] and consequently a = [p].

If 0 D iy0q, thenm;S,0 = a D m;S,i,04 = [p] and consequently = [p]. Hence, K, = {[p]}.

Conversely, suppose K,, = {[p]} and o is a filter on BV,,B, and Ks,be the constant filter structure on BV , B
induced by S, and Ky, be structure on BV,,B induced by the maps iy, i,: (B,K)— BV, B. We show that
Ks =Ky .

14

Suppose o € Ks,. By Definition 2.1, m;S,0 € K and m,S,0 € K. In Theorem 3.15 of [9], let a; = m;S,,0
and az = TEZSpO'.

In case of (1) of Theorem 3.15 of [9], we have
m1S,0=[p] and (nlSpa)U(nzSpa)

is improper. It follows easily that o 5 i,m,5,0. Indeed, if U € i,m,S,0, then U > i,m,S,(W) for some
W= U, V,, U, € a. Since m,S,0=[p] and m,S,0 ¢ [p], we may assume U; = @. Hence,

W:UZ = izT[zSp(W) (@ U
and consequently, U € g and o D i,m,S,0.

In case of (2) of Theorem 3.15 of [9], ;S0 & [p] and 71 S,0= m,S,0. By using similar argument above
itis easy that o o i;mS,0.

In case of (3) of Theorem 3.15 of [9], we have

[p] o m;S,0, (n15pa)u(n25pa)
is proper and
;5,0 2 (m,5,0 ) N [pl.

Note that 7, S,,0 € K, [p] © ;5,0 and by assumption, ;S,0=[p] and consequently, m,S,0=[p] since

(nlSpa)U(nzSpa) = [p]U(nzSpa)
is proper iff
[p] D m;Sp0
and
m,S,0 € K.

Hence, o = [p;] = i;[p], where p; € BV,,B. Consequently, o € Ky, which shows that Ks, © Kw.
Suppose ¢ € Ky,,. By Definition 2.2, there exists g, € K such that ¢ 2 i;0y 0fr 0 D i,0;.

If ¢ D i;04, then
TS0 D Mi101 = 0y
and
TS0 D MySpiy0q = 07

and consequently ;S0 € K, i=1, 2. By Definition 2.1, o € Ks,.
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If ¢ D i,0q, then

M1Sp0 D My Sylp01 = [p]
and

TTZSpG -] 7T25pi20'1 = 049,

and consequently 7;S,0 € K, i=1,2, i.e., 0 € Ks,. Hence, Ky, © Ks, and consequently Ky, = Ks, . By
Definition 3.1, (B,K) is preT," at p.

Lemma 3.7 Let (B,K) be a constant filter convergence space and @ # F < B. The following are equivalent:
(1) F isstrongly closed,

(2) Fisclosed,

(3) a & [a] or aU[F] is improper forany a € Bwitha ¢ FandV a € K.

Proof. It is proved in [5].

Theorem 3.8 Let (B,K) be a constant filter convergence space with pe B. The following are equivalent:
(1) (B,K)isST; atp,

(2) (B,K)isT;atp,

(3) Conditions (i)-(iii) are satisfied, where

(i) Foranyx € Bwithx # p, [x] n[p] € K,

(ii) Ifa,p €Ky, thenanf € K, where K, = {a:a c [p]anda € K },

(iii) For any a € K,,, p € K and @ #FcB closed with p &F, if a U § is proper or # U[F] and aU[F] are
proper, then gn [p] € K.

Proof. By Lemma 3.7 and by Definition 3.3, a constant convergence space (B,K) is T at p iff (B,K) is ST;
at p. Hence, (1)<(2).

We need to show that (2)<(3). Suppose (B,K) is T; at p. By Definition 3.3, in particular, (B,K) is T; at p
and by Theorem 3.7(1), [x] N [p] € K,V x € B with x # p.

Suppose a,8 € K,. Then qa, qf € K’ and qa c [p], qp < [p], where K’ is the final constant filter

structure on B/F. Since (B,K) is T; at p, by Definition 3.3, (B/F,K") is preT, at p for ® #FcB closed
with p €F and by Theorem 3.6(2),

qanp) =q(0) Nnq(B) €K'

By Definition 2.2, there exists § € K such that q(6) < g(a n B). Since a N B < [p] and F is closed,. by
Lemma 3.7,

(anp)u[F]

is improper and Lemma 3.5(3), § < a N B which shows that a N § € K and consequently,
anp €Kp.
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Suppose that forany a € K, and g € K, a U 3 is proper or 8 U[F] and aU[F ]are proper for @ #FcB closed
with p ¢F. Note that ga, g8 € K’ and by Lemma 3.5 (5), qa U qp is proper and g < [q(p)] = [p]. Since
(B/F,K") is preT, at p, by Theorem 3.6(2), q(a) N [p] € K'. By Definition 2.2, there exists § € K such

that
q(8) € q(B) n[p]l =q(B n[p)).

Since B N [p] c [p] and F is closed by Lemma 3.7, (8 N [p]) U [F] is improper and by Lemma 3.5(3),
§ c B n [p] and consequently, B N [p] € K. As a result, (iii) is proved.

Conversely, suppose that the conditions (i)-(iii) hold. By the condition (i) and Theorem 3.6(1), (B,K) is T;
at p. By Definition 3.3, we need to show that (B/F,K") is preT, at p for @ #FcB closed with p ¢F, where
K' is a structure on B/F. Suppose that a,f € K’ with a c [p] and B c [p]. By Definition 2.2, a;, 3, € K
such that

qa; <€ a c [p] = q[p]

qB; < B < [p] = qlpl.

and
Since p €F, qa; c [p] and gB; < [p], by Lemma 3.5(1), we get a; < [p] and B; < [p]. By the condition
(ii), &y N B; € K, and consequently, a N g € K,)".

Now suppose that o € K,,"and 8 € K’ with a U § is proper. By Definition 2.2, there exists &, @, € K such
that ga; c o, qa, < B and qa; < [p] = [q(p)].

Since o U § is proper, then ga; U qa,, is proper and by Lemma 3.5(5), we have either a; U a, is proper or
@, U [F]and a, U [F] are proper. Note that &; < [p]and a, € K. If @, U a, is proper, the by the condition
(iii), we have a, N [p] € K. So, q(a, N[p]) € K';and BN [p] €K'

Suppose a; U [F] and a, U [F] are proper. Since F is closed, by Lemma 3.7, a; c [p] and a, c [p]. By
the condition (ii), a; N a, € K,, and consequently, 5 N [p] € K.

Theorem 3.9 Let (B, K) be a constant filter convergence spaces with pe B. The following are equivalent:
(1) (B,K)isST; atp,
(2) (B,K)isT;'atp,

3) [ In[p] & K forx € B, p € F withx # p and K, = { [p] }, where @ #FcB is closed with p ¢F and
K,={a:ac[planda € K }.

Proof. By Lemma 3.7 and by Definition 3.3, (B,K) is ST5' at p iff (B, K) is T5' at p. Hence (1)< (2).

Suppose (B,K) is T5" at p. By Definition 3.3, in particular, (B, K) is T; at p and by Theorem 3.6(1), [x] N
[p] ¢ K, Vx € B with x # p.

Suppose a € K with a < [p] and @ #FcB is closed with p €F, then it follows that gqa € K' and qa c

[q(p)] = [p]. Since (B,K) isT;" atp, (B/F,K") ispreT," atp for @ #FcB closed with p ¢F, by Theorem
3.6(3), ga = [p] and consequently, by Remark 3.4(3),

a>q 'qa = [q7 ()] = [p].

Hence, a = [p], i.e, K, = { [p] }.
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Suppose (3) holds. We show that (B,K) is T;" at p. Suppose x € B with x # p. If p € F, then by assumption,
[x] N [p] & K. If p &F and [x] N [p] € K, then [x] N [p] € K}, and by assumption, [x] N [p] = [p] which
means x = p, a contradiction. Thus, [x] N [p] € K, Vx € B with x # p. By Theorem 3.6(1), (B,K) is T; at
p.

Next, we show that (B/F,K") is preT,’ at p for @ #FcB closed with p ¢F. Suppose a € K,,'. By
Definition 2.2, there exists § € K such that
qp < a < [p]

and by Lemma 3.5(1), B < [p] (since p €F). Hence, B € K, and by assumption, g = [p]. It follows that
q(B) = [p] € a and consequently, & = [p]. Hence, K,,'={[p] } and by Theorem 3.6(3), (B/F,K') is
preT,’ at p. Hence, by Definition 3.3, (B,K) is T at p.

Let & be a topological category, X is an object of € with pe U(X). Note that by [3,12] if X is T, at p and
preT,’ (resp. preT, ) atp, then X is called LT, (resp. T, ) at p.

Remark 3.10 (1) Let Top be the category of topological spaces and (B, 1) € Top with p € B.

(i) By Remark 3.2, LT, at pand T, at p are same and reduces to T, at p, i.e., every x € B, x#p, then the
points x and p have disjoint neighborhoods [8],

(i) T, atpe ST atpe T;atpe ST;atp= LT, atpe T,atp=T, atp = T, atp,

(iii) Let T3Top be the full subcategory of Top consisting of all local T; topological spaces. By Theorem
2.1 of [8], the categories T3Top, T3'Top, ST;Top, and ST5'Top are isomorphic.

(2) Let (B,K) € ConFCO withp € B.
(i) By Theorems 3.8 and 3.9,
T, atp < STy atp= Ty atp & ST; at p,
(i) By Theorems 3.6 and 3.8,
ST, atp= ST, atp=T,atp=>T,atp < T, atp,
(iii) By (ii) and Theorems 3.6 and 3.9,
T, atp= LT, atp & preT,’ atp = T, atp = preT, atp

but converse of each implication is not true. Take R, the set of reel numbers and K=F(R). By Theorem 3.6,
(R, F(R)) is preT, at p for each pe R but it is not T, at p.

Let B ={x,y,z}and K = {[x], [y], [z], [@], [x] N [y]}.
By Theorem 3.4 of [12] and Theorem 3.6, (B, K) is T, at z but (B, K) is not preT,’ at z.

(iv) Let T3ConFCO be the full subcategory of ConFCO whose objects are local T; constant filter
convergence spaces, where T; = T5', T3, ST5, and ST4. By Theorems 3.8 and 3.9,

(@) T3ConFCO and ST;ConFCO are isomorphic categories,

(b) T3'ConFCO and ST3'ConFCO are isomorphic categories,
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(3) Let € be a normalized topological category and X be an object of € with pe U(X).

(i) By Theorem 7 of [12], if X is LT, at p, then X is T, at p and by Theorems 2.7 and 2.8 of [10], if X is
preT, at p, then X is preT, at p. Moreover, by Theorem 2.8 of [10], if X is T5 (resp. ST3, T4, ST3'), then X
is T5 at p (resp. ST, at p, T3 at p, ST at p).

(ii) Note that all objects of a set-based arbitrary topological category may be preT, at p. For example, it is
shown, in [13], that all Cauchy spaces [14] are preT, at p. Also, preT, at p objects could be only discrete
objects [15].

(iii) Let preT,(E) be the full subcategory of € consisting of all preT, objects. By Theorem 3.4 of [16],
preT,(E) is a topological category.

Theorem 3.11 (1) If a constant filter convergence space (B,K) is T5 (resp. T3 ) at p and McB with peM,
then M is T3 (resp. T3 ) at p,

(2) Foralli € I and p; € B;, (B;, K;) is T3 at pi if (B = [1;¢; B; , K) is T at p= (py, pa, -..), Where K is the
product structure on B.

Proof. (1) Let i: M c B be the inclusion map, K, be a structure on M induced from i, and [x] N [p] € Ky,
for x € M with x # p. By Definition 2.1,

i([x] n [pD) = i([xD ni([p]) = [x] n[p] € K

for x € X with x # p, a contradiction since (B,K) is T; (resp. T3 ) at p. Thus, [x] N [p] & Ky, for x € M.
with x # p.

Suppose a, f € (Ky)p. Theni(a),i(B) € K, i(a) < [p], i(B) < [p] and by Theorem 3.8, i(a N ) € K.
By Definition 2.1, a N B € (Ky)p.

Suppose a € (Ky)p, B € Ky and for @ #FcM closed with p &F such that o U S is proper or g U[F] and
aU[F] are proper.

By Definition 2.1, i(a),i(B) € K,,, i(a) Ui(B)=i(a U B) is proper or
i(@)U[i(F) = F]

and
i(B) V[i(F) = F]

are proper. By Theorem 3.8, i(8 N [p]) € K and by Definition 2.1, 8 n [p] € K,,. Hence, (M, K,,) is T; at
p. It remains to show that (K),),={[r]}.

Let a € (Ky), and for @ #FcM closed with p €F. By Definition 2.1, i(a) € K,, and by Theorem 3.9,
Kp={[pl}.
P

Thus, i(a) = [p] and Definition 2.1, « = [p]. Hence, (M, K,,) is T3 atp.

(2) Suppose that (B = [1;¢; B; , K) is T; at p. Since each (B;, K;) is isomorphic to a subspace of (B,K), by
Part (1), Vi € I, (B;, K;) is T; at p;.
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