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ABSTRACT. In this paper, we compute the spectral norms of r— circulant matrices with the hyper-Fibonacci and

hyper-Lucas numbers of the forms F, = Circ — r(F,f,O), F(kl), . .,F,(("'”), L, = Circ — r(L,(\,O), L,(('), ... ,L,(("_])) and
their Hadamard and Kronecker products. For this, we firstly compute the spectral and Euclidean norms of circulant
matrices of the forms F = Circ(Fl(CO), F,(cl), e, F,(C"_l)) and L = Circ(L(,O), L;{l), . ,L]({"_”). Moreover, we give some

examples related to special cases of our results.
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1. INTRODUCTION

The circulant matrices and r— circulant matrices are closely related to signal processing, coding theory and many
other areas [1,10,11]. An n X n r—circulant matrix C, is of the form

€o C1 (&) e Cn-2 Cn-1

TCn-1 o i o a3 Cn2

C, = rCy—2 rCp—-1 o cee Cn—4 Cn-3
rcy rcy res rcy—1 Co

When we take r = 1, the matrix C| = C is called a circulant matrix. For brevity, we denote the matrices C, and C; as
C, = Circ —r(co,C1,...,cy-1) and C =Circ(cop,c1,...,Cn-1), respectively. If A and B are circulant matrices then they
are normal, their inverses (if any), conjugate transposes, sums and products are also circulant [8]. The eigenvalues of
C are

n—1

An = ch Wk

0<m<n-1 =0

where w = e and i = V=1 [8, 14].
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The circulant matrices and r—circulant matrices have been scientific research area in the recent past decades. Espe-
cially, the norms of circulant matrices with special elements such as Fibonacci or Fibonacci like numbers have been
investigated extensively [2, 3,5, 6, 15-19,21-25]. Shen and Cen [21] derived upper and lower bounds for the spec-
tral norms of r-circulant matrices in the forms A = C, (Fy, F1,...,Fn,—1) and B = C, (Ly,L1,...,L,—1). Tuglu and
Kizilates [18] studied norms of circulant and r—circulant matrices involving harmonic Fibonacci and hyperharmonic
Fibonacci numbers. Tiirkmen and Gokbag [24] found some bound estimations for the spectral norm of r—circulant ma-
trices with Pell and Pell-Lucas numbers. In [5], the authors computed spectral norms of circulant matrices in the forms
F = Cire(FP, FP,...,FO), L= CireP, LY,..., L") and r—circulant matrices in the forms F, = Circ — r(F}’,
F ik) s F1(1k—)1)’ L, = Circ — r(L(()k) s L(lk), cees Lflk_)l), where F, f,k) and Lﬁ,k) denote the hyper-Fibonacci and hyper-Lucas
numbers, respectively.

In this research, we establish some bounds for the spectral norms of r—circulant matrices with the hyper-Fibonacci
and hyper-Lucas numbers of the forms F, = Circ—=r(F\", F\",...,F""V), L, = Circ=r(LY", L", ..., L{""") and their
Hadamard and Kronecker products. For this, we firstly compute the spectral and Euclidean norms of circulant matrices
of the forms F = Circ(F,(CO), F,({D, e F,(("_l)) and L = Circ(L(O), LZI), e, L,((”_l)). We use some relations concerning the
spectral norm, Euclidean norm, row norm, column norm. Moreover, we give some examples related to special cases of
our results.

2. PRELIMINARIES

The Fibonacci numbers are defined by the recurrence relation: F,,; = F, + F,-1 n>1), Fp = 0and F; = 1.
Similarly, the Lucas numbers are defined by L,,; = L, + L,y (n>1), Ly = 2 and L, = 1. Fibonacci and Lucas
numbers have many generalizations [7,9,20]. In [9], Dil and Mez6 introduced two concepts as hyper - Fibonacci
numbers and hyper - Lucas numbers. These concepts are defined as

n
FP =3 F&D, with FO =F,, Fy’ =0and F" = 1
s=0

and
n
1P = 310D, with LY = L, L =2, L =2k + 1.
s=0
The hyper-Fibonacci and the hyper-Lucas numbers have the recurrence relations F ,Sk) =F Lk_)1 +F 511«—1) and Lilk) =

Lgi)l + L(nk_l), respectively. Also, F, ,Sk) and quk) have the following more explicit forms when k = 1,2,3 orn = 2, 3.

n?+7n+16

F;,l) = Fna— 1, FELZ) =Fu4—n-3 and Fif) = Fuse = 2 ’

n+11n+32

qul) = Ln+2 - 1, L5,2) = Ln+4 —-n—35 and LE?) = L"+6 - 2

n+3n+4

F;") =n+1, Fgm = and L(Z") =n?+2n+3. 2.1

In [4], the authors defined hyper-Horadam numbers and studied their some properties. Also, they gave the following
formulas related to sums of hyper - Fibonacci and hyper - Lucas numbers

,
DY =F - F, (2.2)
s=0

and

S

) _ 7
E ‘L;v) - Ln:—l B
s=0

For more information related to hyper - Fibonacci numbers see [4,7,9].
Now we give some definitions and lemmas related to our study.
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Definition 2.1. Let A = (aij) be any m X n matrix. The Euclidean norm of A is

(350}

i=1 j=1

Al =

Definition 2.2. Let A = (a,- j) be any m X n matrix. The spectral norm of A is

Al = | /maxd; (A7A),

where A; (AHA) are eigenvalues of A”A and A” is conjugate transpose of A.

There are two well known relations between Euclidean norm and spectral norm as the following:

1

— lAllg < lIAll, < [|A 2.3
\/ﬁll e < llAll> < 1Al 2.3)
Al < llAllz < ValAll . 2.4

Definition 2.3 ([13]). Let A = (a,-j) and B = (bi j) be m x n matrices.Then their Hadamard product A o B is defined
AoB= [a,‘jb,‘j] .

Definition 2.4 ( [13]). Let A = (a,- j) and B = (bi j) be m X n and p X r matrices, respectively.Then their Kronecker
product A ® B is defined
A®B =|a;B].
Lemma 2.5 ([13]). Let A and B be two m X n matrices. Then we have
lA o Bll, < llAll2 1|Bll, -
Lemma 2.6 ([13]). Let A and B be two m X n matrices. Then we have
lA o Bll, < ri(A)c (B)

where r; (A) = max f |a,j| and c; (B) = max ; /Z |b,,|
1<i<m 1<j<n

Lemma 2.7 ([13]). Let A and B be two m X n matrices. Then we have
lA ® Bll, = [|All2 |Bll; -

Lemma 2.8 ([12]). Let A be an n X n matrix with eigenvalues Ay, Az, . . ., A,. Then, A is a normal matrix if and only if
the eigenvalues of A" A are |1, |2 R |/12|2 ey |/l,,|2.

3. MAIN REsuLrs

Theorem 3.1. The spectral norm of the matrix F = Cer(F(O) (1), e, F,(:H)) is
IFlb = /" = Fir.

Proof. Since the circulant matrix F is normal, its spectral norm is equal to its spectral radius. Furthermore, by consid-
ering F is irreducible and its entries are nonnegative, we have that the spectral radius (or spectral norm) of the matrix
F is equal to its Perron root. We select an n-dimensional column vector v = (1, 1,...,1)7, then

n—1
Fv = [ZF](:)] v.

Obviously, Z F ) is an eigenvalue of F associated with v and it is the Perron root of F. Hence, by (2.2) we have

s=0

I, = ZF” Fiab - Fe,



M. Bahsi, S. Solak, Turk. J. Math. Comput. Sci., 12(2)(2020), 76-85 79

This completes the proof. o

Example 3.2. Theorem 3.1 and the equations in (2.1) yield

0, if k=0,
WFll, ={ n,  if k=1,
winif k=2,

Corollary 3.3. Euclidean norm of the matrix F = Circ(F (0), F,({l), .. F ,(C"_l) ) holds
Fi" = Fie <IIFlls < Va(FLSY = Fi).
Proof. The proof is trivial from Theorem 3.1 and the relation between spectral norm and Euclidean norm in (2.4). O

Corollary 3.4. We have

1 n— S S 2 n—
—(F" D —F) < Z(F,(( ) <R - Fi. 3.1)
\/% s=0
Proof. This follows from the definition of Euclidean norm and Corollary 3.3. O

Theorem 3.5. The spectral norm of the matrix L = C irc(L(O), L,(Cl), e, Lf{"_l)) is

-1
LI, = LD = L.

Proof. This theorem can be proved by using a similar method to method of the proof of Theorem 3.1. O

Example 3.6. Theorem 3.5 and the equations in (2.1) yield

= 2n, if k=0,
=Y 2 yons1, ifk=1.

Corollary 3.7. We have
LD~ Ly < Ll < VLD = Liy).

Proof. Theorem 3.5 and the relation between spectral norm and Euclidean norm in (2.4) immediately yield desired
result. ]

Corollary 3.8. Sum of squares of hyper-Lucas numbers holds

n—1

1 -1 ) < 7=
_(Ll(:-li-l — L) < (Lk ) <L, - Lk 3.2)
\/ﬁ s=0
Proof. From the definition of Euclidean norm and Corollary 3.7, desired result is obtained. O

Corollary 3.9. The spectral norm of the Hadamard product of F = Circ(F(O), F,((l), R F](("_])) and
L= Circ(L,(cO), L,((]), e L;("_l)) satisfies

IF o Lily < (F{" = Feot ) (L5 = Lica).
Proof. Since ||F o L||, < ||F|l, ||L]|, desired result is trivial. |
Corollary 3.10. The spectral norm of the Kronecker product of F = C irc(F,(CO) ,F ,((1), ey F,(("_D) and
L= CirC(LE(O), L,((l), ., L;("_l)) satisfies

IF & Lll, = (F{" = Fir) (L0 = Li ).
Proof. Since ||F ® L||, = ||F||, ||L]l, we get the desired result. O
Theorem 3.11. Let F, = Circ — r(F(O), Fl(cl), e, F,({"_l)) be an r—circulant matrix.

D) If|r] = 1, then
1 _ _ 2
—(FY = Fi) < NWF L < I (FEY = Fir)

\/ﬁ k+1 k+1
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i) If |r| < 1, then

Irl
\F<Fi"+1” Fie) < IIFllp < Va(F{Y = Fie).
Proof. Since the matrix F, is of the form
F(O) F(l) FIEZ) . F(" 2) F(" D
F(" D F(O) Do F(” 3) F(" 2)
F, = . :

rF%z) rF,?) rF(4) F(((O) F,;I)
rF, D rFy 2) rFk3) rFk”*l) 0

and from the definition of Euclidean norm, we have

n—1 n—1

IFHlle = Z (n—ys) (FIES))Z + ZS I (F]((s))Z'

s=0 s=0
i) Since |r] > 1, (3.1) yields

n—1 n—1
IF g > Z(n—s) (FOV + s (FOY = (03 (FO) 2 R0 -
5=0 s=0

From (2.4)

k+1

IFll > L(F(" b Fk—l).

\/_

Let F, be F, = Bo C, where

1 1 1 1 1
PPV 1 11
B= : : : :
F,?) rF® rF® 11
1 2) 3) (n-1)
rF, rF”  rF} rF k" 1
and
[ FO FO O . ped poeb
(0) (1) ( 3) ( 2)
1 FO FD o e pie
C=| : : . : :
(0) (1)
L N
11 1 - 1 FY
Then
n—1 ’
r(B) = = \[1+ DI (F)
s=1
<
and

(3.1) and Lemma 2.3 yield

IF Al < 7 (B)ey (O) < I (F" -

Fi_ )2 .

Fiy.
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Thus,
1

- — 2
—= (F = P < IFd < W (FLL - Pl

i) Since |r] < 1, (3.1) yields

n—1 n—1
2 2
IF e = \Zm— (FY) + Y sir? (F)
s=0 s=0
n—1 ) n—1 )
= D=9 (FY) + > sl (F)
s=0 5s=0
n—1 2
= \n|r|22(F,§”) > | (F{Y = Fior).
5=0
From (2.4)
"l (-1
1Fll 2 (FI" = Fisy).
Now, let the matrices F, be F,. = D o E , where
1 1 1 1
r 1 1 1
D= :
ror 1 1
ror r 1
and
F(O) F(]) F(z) . F(l’l—2) F(n—l)
(n—1) 0) ]Zl) IE -3) IE -2)
Fkn FoFy Fkn Fkn
E=| i
FO p® g . g0 pO
k k
th b b G ()
Y FP FY . FD R

Then we compute 7, (D) and ¢ (E) as
n
2
r1 (D) = max Z; |dij|” = Vi
=

n
c1 (E) = max Z |e,-j|2 =
i=1

1<j<n

and

Hence, from (3.1) and Lemma 2.3, we have
Il < 11 (B)ey (B) < v (F{" = Fiy).
Thus,
Ir|

NG (Fin" = Fio) < IIF L < Vi (FELY = Fia).

This completes the proof. o

Example 3.12. By using Theorem 3.11 and the equations in (2.1), if [r| > 1, we have
lFAl, =0, if k=0,
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Vn <|IF L < lrin?, if k=1,

LA D L)
= r S| ) = 4,
VAU 2 ’

and if |r] < 1, we have
lF]l, =0, if k=0,

Il Vn < |IF,ll, < n® i, if k=1,
vl (n?+n n?+n\ .
'—\/17( . )suFruzs«/ﬁ( . ),sz=2.

Theorem 3.13. Let L, = Circ — r(L(O), L;(D, el L("_l)) be an r—circulant matrix.
D If|r] = 1, then

(L) L) < Ml < 1 (L0501

7 k+1
i) If |r| < 1, then

n (L = Lic) < LA < VR (LY = Liy).

\/‘
Proof. Since the matrix L, is of the form
L{({O) L;{l) L?) L L]({n—Z) Ll({n—l)
n-1) (V] D (n=3) (n-2)
rL, L, L, e L L,
L = : : : .
JO O @ L(O) L?)
L P oLy L(” ooy

and from the definition of Euclidean norm, we have

n—1 n—1
2 12
LAl = [ D (=5 (L) + D sl (27)
s=0 s=0
i) Since |r] > 1, (3.2) yields
n—1 n—1 n—1
WL > (n—9)( L<‘> + Zs L(” n (LW) > 1Y - L.
5=0 s=0 s=0
From (2.3)
L]l = 7 (Lf:frll) Lk—l)-
Now, let the matrices L, be L, = B o C, where
1 1 1 e 1
o U TP B |
B = L
L(2> L<3> L(4) . 1 1

rLél) rLéZ) rLi) . rL;Cn—l) 1
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and (0) (€3] 2 (n=2) (n—1)
n— n—
R 3 R i
1 Lk Lk Lk Lk
c=| i i S
(0) €]
1 1 1 Lk L&))
1 1 1 1 Lk
Then we have
n ) n—1 5
r(B) = = D bl = 1+ D P (L)
j=1 s=1
<

and

c1 (C) = max
1<j<n

VR

Hence, from (3.2) and Lemma 2.3, we have

n
2

§ cinl® =

i-1

e 2
LAl < 71 (B)er (C) < 1A (L, = Lica )
Thus, we write
1 _ _ 2
NG (L = Liey) <MLL < 1 (L = Lica)
i) Since |r] < 1, (3.2) yields
n—1 2 n—1 2
LAl = | D=9 (L) + D s (L)
\ 5=0 s=0
n—1 2 n—1 5
> ([ D=9 (L) + Y s (L)
\ 5=0 s=0
n—1 )
= A[nIP (L) 2 A (L" - L)
\ s=0
From (2.3)
|7 -
Il 2 = (05" = L)
Now, let the matrices B and C be as
11 1 11
ro1o1 11
D = :
r 1 1
r r 1
and OO =2 (-1
n— n—
dy Ty Ty T Ty T
Lk Lk Lk Lk Lk
E= : : : : :
@ B @ ) M
lifl) i'(‘m i@ L%{‘_l) ii‘m
k k k k k



On The Norms of Another Form of r—Circulant Matrices 84
That is, L, = B o C. Then we obtain
n
2
ri (D) = max Z; |dij|” = Vn
J=
and
< 2
c1(E)= lnsl]as); ; |eij| =
(3.2) and Lemma 2.3 yield
Lol < 71 (B er (E) < V(LY = Liy).
Thus,
|7l - _
= (£ = L) < LAl < V(L5 = Licr).
This completes the proof. o
Example 3.14. By using Theorem 3.13 and the equations in (2.1), if [r| > 1, we have
2Vn <|ILol, < 4nrl, if k=0,
Ly 2 LI
W(n +2n+1) <Ll < A (n* + 20+ 1), if k=1,
and if |r] < 1, we have
2Vl < L, < 20, if k=0,
|7] 2 2 .
— +2n+ 1) <||ILidp < Vo(rn* +2n+1), if k=1.
P 2n 1) S Wk VR +2051)
Corollary 3.15. The spectral norm of the Hadamard product of F, = Circ — r(F(O), F,({l), cens F/(C"_l)) and
L, = Cire — r(L", LV, ..., L") holds
) If |r| > 1, then
_ 2/ (e 2
IF, o Lolly < I (F{" = Fioa ) (LYY = Lica)
i) If |r| < 1, then
1Fy o Ll < n(F{ = Fior) (L5 = L)
Proof. The proof is trivial since ||F o L,||, < ||[Fll ILxll> - O
Corollary 3.16. The spectral norm of the Kronecker product of F, = Circ — r(FO, F]El), e, F,(("_l)) and
L, = Circ — r(L, LV, ..., L") holds
DIf |rl > 1, then
1 (mn-n) (n-1) 2 (1) 2 (11 2
;( k’-qi-l - Fk—])(Lk}:] - Lk—l) < ||Fr®Lr||2 < |r| (F]:H - Fk—l) (Lkr_:l _Lk—l> .
i) If |r] < 1, then
[ (n=1) R+ 1\2 (7 (ks 1)
T(F,;;1 = Fea) (L5 = L) < IFr @ Lylly < n (FEP) (L),
Proof. The proof is trivial since ||F, ® L;||l, = ||Fll> 1Ll - |

4. CONCLUSION

In this study, we present some bounds for the spectral norms of a different form of r—circulant matrices with the
hyper-Fibonacci and hyper-Lucas numbers by using some relations concerning the spectral norm, Euclidean norm,
row norm, column norm. The importance of our results is that our results depend on hyper-Fibonacci and hyper-Lucas

numbers.
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